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Figure 4. (a) Neutron powder diffraction data of CuAl2O4 taken at
40 K. The symbols represent the data points with the line displaying
the refinement results. The vertical ticks indicate the position
of expected Bragg peaks with the difference curve shown at the
bottom. (b) The difference curve between the neutron diffraction
data obtained at 0.4 and 40 K shows no sign of any new superlattice
peaks of magnetic origin. The insets in figure (b) are the enlarged
pictures of the (4 0 0) and (2 2 2) Bragg peaks with similar values of
FWHM, demonstrating that there is no structural distortion. We also

Puzzle 1: No Jahn-Teller effect down
to very low temperatures (0.4 K)!
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magnetic entropy value of Cu2+ ion, Rln2 = 5.763 J mol−1 K−1.
This difference leads us to a value of the zero-point entropy of
4.92 J mol−1 K−1, which is very close to the value reported in
[18]. If we consider the orbital degeneracy of Cu2+ ion with
t2g manifold, this theoretical value should even get increased
by the additional orbital entropy of Rln3. The application of
magnetic field shifts most of the magnetic entropy from low
to high temperatures as expected (figure 2). It is interesting
to note that the magnetic entropy of FeCr2S4 single crystal, a
candidate for an orbital glass state, reaches just over 2 J mol−1
K−1 at 20 K, which is again much smaller than the theoretical
value of the combined spin and orbital entropy, Rln2 + Rln5
[26].
ffraction data
The deficit of the magnetic entropy as compared with the
gely normal’ theoretical value can be in principle interpreted in two ways.
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Spin glass?

• No long-range magnetic order down
to very low temperatures (2 K);
• Spin glass behavior is due to a some
disorder in crystal structure?

Puzzle 2: Why strong exchange coupling
does not make spins to order?

!5

Content

1. Anomalous properties of CuAl2O4
PRL 102, 017205 (2009)

2. SOC vs. JT effect in CuAl2O4

=
isospin up

3. Interplay between SOC and JT effect
at other fillings
4. SOC induced exchange anisotropy in
CuAl2O4

s

FIG. 1 (color online). Den
up state (without tetragonal
spin up hole density in jxyi
down one in ðjyzi þ ijxziÞ s

for the symmetry of the in
very form of the exchang
geometry through a densit
demonstrate below.
Exchange couplings of
We consider the limit of th
when ! is larger than ex
isospins. The exchange H

The Jahn-Teller effect in cuprates
(Cu in octahedra, E ⊗ e problem)
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Fig. 3.7. Distortions of an octahedral system ML6 at different points along
the bottom of the trough of the ‘‘Mexican hat’’ in the linear E $ e problem.
At the points ! ¼ 0, 2p/3, and 4 p/3 the octahedron is tetragonally distorted
along the three fourfold axes, respectively (a)–(c). In between these points the
configuration has D2h symmetry (d) and varies continuously from one
tetragonal configuration to another.

Anharmonic effects or exchange interaction
In the case of an
octahedral
molecule, which inoctahedra
a trigonal projection looks
typically
chose
elongated

Q3

Q2

like two equilateral triangles, the two deformation waves traveling around
each of the latter are opposite in phase. As a result the octahedron becomes
elongated (or compressed) alternatively along one of the three fourfold axes
and simultaneously compressed (or elongated) along the remaining two axes
(Fig. 3.7). For more on trajectories in different JT problems see in [3.8].
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Spin-orbit coupling may suppress the Jahn-Teller effect!
E. Plotnikova et al., PRL 116, 106401 (2016)

S.S., D. Khomskii Phys.-Usp. 60,

How the Jahn-Teller distortions evolve
5?
with λ for t2g

So, what about jeff =1/2 states?
Do we see them in DFT?
Structure: Experimental non-distorted Fd-3m
DFT

PHYSICAL REVIEW B 98, 201106(R) (2018)

DFT+SOC+Hartree-Fock (U~5 eV)

In CuAl2O4 single hole resides jeff =1/2 state!
!10

sion between electrons, Un̂ s n̂ 2 s , is approximated by
Un̂ s n 2 s , where n̂ s 5â s† â s is the operator for the number of
electrons occupying a particular site and n s is its expectation
value. The UHF ground state of the three-dimensional simple
cubic Hubbard model is antiferromagnetic and insulating, the
magnetic planes being parallel to the ~111! plane.18
At a more realistic level, to describe 3d electrons localized on nickel sites in NiO we take into account the orbital
degeneracy of the 3d shell and use a model Hamiltonian of
the form20

Studying CuAl2O4 with the DFT+U+SOC
Total energy profile

GGA+U+SOC
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Ĥ5

(

2 m,m 8 , s

n̂ m, s n̂ m 8 ,2 s 1

~ Ū2 J̄ !
n̂ n̂
,
2 mﬁm 8 , s m, s m 8 , s

(

~1!

Method: FP LAPW
where
the summation
is performed
over projections
Disclaimer:
results
are sensitive
to of the
orbital momentum (m,m 8 522,21, . . . ,2 in the case of d
choiceandofŪ U,
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Experimental evidences of jeff =1/2 in CuAl2O4
1. Experimentally the crystals are cubic;
2. μeff = 2.29μB is very close to what we have in RuCl3 ( μeff = 2.20μB );
3. X-ray absorption spectroscopy (L2,3 edge): CuAl2O4
FIG. 1.
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How the Jahn-Teller distortions evolve
5?
with λ for t2g

1
5
Why are t2g
and t2g
states behave so different?

(with respect to the JT effect and SOC)

3
t
Spin-orbit coupling vs. Jahn-Teller: 2g

No Spin-Orbit coupling

Infinite spin-orbit coupling
jeff=1/2

No need in JT
t2g

t2g

EJT
jeff=3/2

Spin-orbit coupling induces the Jahn-Teller effect!
Any example of a real material?
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Spin-orbit coupling (and Hund’s exchange)
vs. the JT effect
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Spin-orbit
coupling

competes with
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Jahn-Teller
effect
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disorder physics inherent to the parent hamiltonian to become
visible. This energy–entropy competition is thus manifest as an
ARTICLES
interesting multistage ordering behaviour.
ARTICLES
Superficially, the strong frustration inherent in materials such
c
y
sublattices (coloured orange and green in Fig. 1). From
rather
puzzling.
the diamond
lattice is
as MnSc2 S4 seemsf.c.c.
J couples theIndeed,
two f.c.c. sublattices,
whereas
this
perspective,
J couples nearest-neighbours within each f.c.c. sublattice. The
x bipartite, and accordingly a model with only nearest-neighbour
f.c.c. antiferromagnet is known to be highly frustrated , in
z
sense that it ferromagnetic
has a rather large frustration
parameter,
, whether
or antiferromagnetic,
spin coupling, J1the
Cu14,21–23),
forms
f ≈ 8 (refs
and diamond
hence J generates lattice
strong frustration,
J can significantlymust
enhance.therefore be
which the Additional
competition frominteractions
J
exhibits no frustration.
J
(strong frustrations)
Furthermore, although further-neighbour exchanges are typically
incorporated to account
observed
frustration.
We first
assumed to befor
weak,the
the complexity
of exchange
paths in
suggests that J and J may indeed have
such materials
consider the simplest
modification
that achieves this, and assume a
comparable
strengths.
We begin by discussing the zero-temperature properties of
hamiltonian
with
additional
second-neighbour, exact
antiferromagnetic
ground
equation
(1). Using the Luttinger–Tisza method
round-state wavevectors for coupling strengths J /J of 0.2 (a), 0.4 (b) and 0.85 (c),
states can be obtained for arbitrary J /J . The derivation is shown
emperature, as thermal fluctuations lift the degeneracyexchange,
in the free energy. The surfaces
J2 :
in Supplementary Information, Section I A. In the weakly frustrated
vevector, with high values being blue, low values being red, and green being the

Puzzle 2: Absence of a long-range
magnetic order
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q = 2π (1/4,0,0)
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L=4
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Nature
Physics
3, 487
(2007)lattice,
Figure 1 Spin–spiral
state on the
diamond lattice.
The diamond
L=8
0.4 of two interpenetrating
composed
f.c.c. sublattices (coloured orange and green).
ARTICLES
Second-neighbour antiferromagnetic exchange, J2 , generates strong frustration,
which the competition from J1 can significantly enhance. For J2 /J1 > 1/8, this
0.3
results in a large ground-state degeneracy consisting of spin spirals whose
propagation wavevectors lie on a two-dimensional surface in momentum space. The
blue arrows
0.2 above denote the orientations of spins in the shaded planes for one such
i
spiral with wavevector q = 2π(1/4,0,0), shown for ferromagnetic
J1 for clarity.

1

limit with 0 ≤ J2 /J1 ≤ 1/8, the ground state is the Néel phase,
with each spin anti-aligned with those of its nearest neighbours.
For larger J2 , the simple Néel phase is supplanted by a massively
i
jspin spirals.
2
i
j schematically
degenerate 1set of coplanar
As shown
spiral ground state is
characterized by a single
in Fig. 1, each⟨ij⟩
⟨⟨ij⟩⟩
wavevector, q, lying on a two-dimensional ‘spiral surface’. This
surface possesses a nearly spherical geometry for coupling strengths
1/8 < J2 /J1 < 1/4, and exhibits an open topology for J2 /J1 > 1/4
i it develops ‘holes’ centred around the (111) directions (see
where
Fig. 2). In the limit J2 /J1 → ∞, the surface collapses into onedimensional lines, which are known to characterize the ground
states of the nearest-neighbour-coupled f.c.c. antiferromagnet20 .
Other systems such as the rhombohedral antiferromagnet of
refs 10,30 also exhibit degenerate spirals characterized by lines
in momentum space. Our model, with a spiral surface, provides
D. Bergman,
J. Alicea,
E. these
Gull,
S. Trebst,
an interesting
intermediate
case between
examples
and the
more L.
highly
frustrated
pyrochlore
antiferromagnet.
Balents
Nature
Physics
3, 487 Whether
(2007).this
1
degeneracy is severe enough to suppress long-range order down to
zero temperature, as in the pyrochlore model, will be determined
by our analysis that follows.

H=J
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S ·S +J
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S ·S .
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groundasstate
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Here, the spins •S Massive
are modelled
classical
three-component
• Spirala spin-liquid
regime
T >the
TCdefinition
;
+ 1) at
into
unit vectors (absorbing
factor of S(S
of J ), appropriate to the large spin values (S = 3/2, 5/2) for
these materials. Throughout, we set the lattice constant a = 1
among these degenerate spirals. Although the small corrections
J2 > 0 appropriate for antiferromagnetic exchange.
andspecific
consider
(which we describe) inevitably determine
ground states
at the lowest temperatures, entropy Although
washes these outthe
at higher
sign of J can always be changed by sending Si → −S
temperatures, allowing the spiral spin-liquid and/or order-bydisorder physics inherent to the parent
become
onhamiltonian
one oftothe
two diamond sublattices, for ease of discussion!19we
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Figure 4 Spiral surface measured from Monte Carlo simulation. Regions of high
intensity in the magnetic structure factor in the paramagnetic phase just above Tc .
The data were obtained numerically for a system with N = 8× 123 = 13,824 spins
at coupling strength J2 /J1 = 0.85 appropriate for MnSc2 S4 . As demonstrated by
the remarkable similarity to Fig. 2c, the structure factor not only clearly reveals the
underlying spiral surface, but also reflects the entropic corrections to the free energy
along the surface.

0.1

Néel

0

0

0.1

state above Tc and below |ΘCW |. Interestingly, the spiral surface, as
well as entropic free-energy corrections, can be directly probed via
the spin structure factor. This is illustrated in Fig. 4, which shows
the structure factor, SAA (q), corresponding to spin correlations
on one of the two f.c.c. sublattices. (Experimentally, SAA (q) can
be obtained from the full structure factor as described in the
Supplementary Information.) The data correspond to N = 13,824
spins with J2 /J1 = 0.85, relevant for MnSc2 S4 as discussed below,
at a temperature just above Tc . Here, we plot only momenta
contributing the highest 44% intensity (blue points have lower
intensity, red higher and green corresponds to the maxima); the
similarity to Fig. 2c is rather striking. The free-energy splitting
manifest here persists up to T ≈ 1.3Tc , whereas the surface itself
remains discernible out to T ≈ 3Tc (see Fig. 5). The spiral ground
states evidently dominate the physics for Tc <∼ T <∼ 3Tc , so that this
regime can be appropriately characterized as a ‘spiral spin-liquid’.
To quantify the behaviour in this regime analytically, we
calculated the structure factor within the ‘spherical’ approximation,
in
the unit-magnitude constraint on each spin is relaxed to
! which
2
31
3
i |Si | = N . The classical spin liquids in Kagomé and pyrochlore
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0.2

111*
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J2 /J1
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1.0
Λ (q )
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Figure 5 Correlation function of the spiral spin-liquid. Structure factor data,
S AA (q), versus Λ (q) in the paramagnetic phase with J2 /J1 = 0.85, for which
Tc ≈ 0.22J1 . Essentially for all T > Tc , the numerical data agree quantitatively with
the spherical-model predictions, with one fitting parameter corresponding to an
overall scaling factor. The peaks in the upper two panels correspond to points near
the spiral surface, which remains discernible up to T ≈ 3Tc .

As shown in Fig. 5 for J2 /J1 = 0.85, the numerical data conform
well to this prediction, essentially throughout the paramagnetic
phase except very near Tc where thermal fluctuations dramatically
split the free energy along the surface. Note that the red analytical
curves contain only a single fitting parameter, corresponding to an
unimportant overall scaling.
Finally, we discuss implications for experiments, focusing
on the well-characterized material MnSc2 S4 . Below T N 1 = 2.3 K,
experiments observe long-range spiral order with wavevector
Qexp ≈ 2π(3/4, 3/4, 0), coexisting with pronounced correlations
with wavevector magnitude Q diﬀ ≈ 2π that persist to well above
T N 1 (refs 25,32). A second transition occurs at T N 2 = 1.9 K, below
which the latter correlations are greatly suppressed. Assuming
Qexp lies near the spiral surface, we estimate that J2 /J1 ≈ 0.85 for
this material. By comparing the structure of the spiral ground
state ordered at Qexp with the experimentally determined spin
structure25 , we further deduce that J1 must be ferromagnetic (that
is, J1 < 0) in MnSc2 S4 . We can then extract the magnitudes of the
exchange constants from the measured Curie–Weiss temperature,
ΘCW ≈ −22.1 K; we obtain J1 ≈ −10.5 K and J2 ≈ 8.75 K.
According to the numerical results of Fig. 3, the predicted ordering
temperature for these parameters is Tc ≈ 2.4 K.
Obtaining a detailed comparison to the low-temperature
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100*

0.7
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visible. This energy–entropy competition is thus manifest as an
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Thermodynamics: Spin structure factor
Isotropic exchanges
Spiral spin-liquid
state

Full exchange matrix
Commensurate
spin spiral
Method: Classical Monte-Carlo
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Thermodynamics: Specific heat
4
No anisotropic exchange
1 D X
S (q) = p
e
N
n
↵

Cv =

2
2 hHS i

V

iq·Ri

hHS i

Si↵

2

E

4

4

+ anisotropic exchange

,
(3)

,

respectively, where h...i stands for the Monte-Carlo averaged configuration, = 1/kB T , and V is the volume of
the supercell. The results are shown in Fig. 2a. Without SO coupling and for isotropic exchange interactions
T ~ 0.4 K
with Jnnn /JnnC> 1/8, a spin-liquid state emerges with
the magnetic ground state fluctuating among degenerate
spin spirals (Fig. 2b), being in agreement with the analysis by Bergman et al. [13]. In turn, anisotropic exchange
stabilizes a commensurate
spiral state instate
each sublattice
Spiral spin-liquid
with the q-vectors lying in the star of the W point. The
result can be understood by considering the energy of the
spiral state stabilized by DM interactions [22]. Indeed,
without loss of generality, one can take S 0 k k1 and
S i = k1 cos (Ri · q) + k2 sin (Ri · q), where k1 = (0, 0, 1),
k2 = (sin , cos , 0), and k3 = (cos , sin , 0), and q
N
spin glass
is the propagation vector. Then, summing over all nnn
sites and using S 0 ⇥ S i = k3 sin (Ri · q), we have:

TN ~ 3.2 K
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Commensurate spin spiral

Anisotropic exchange restores magnetic ordering

T ~T

=> The spin-spiral phase can be hidden by
formation of the spin glass due to disorder
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Summary: 3 lessons of CuAl2O4
Experiment:

• No long-range magnetic (spin glass at 2K instead);
• Strong short-range spin correlations (large qCW);
• What is role of disorder?
R.Nirmala et al., JPCM 29, 13LT01 (2017)

PRL 102, 017205 (20

Theory:

Lesson 1: jeff = 1/2 physics is relevant for 3d systems
• Lesson 2: Spin-orbit coupling can suppress Jahn-Teller
distortions in Cu2+;
C.H. Kim et al., arXiv: 1810.08594

• Lesson 3: Anisotropic exchange interaction can be very
important in spinels!
• It favours the spin spiral ground state in CuAl2O4;
S.A. Nikolaev et al., PRB 98, 201106 (R) (2018)
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