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Wavenature of electrons:

WUENtUm dot is a chaotic billiard
Chaotic billiard

Quantum dot

Sea waves

s gy 4

Random Veitals o
- superposition of i 7
plane waves

Wavefunction amplitude in
a chaotic billiard




Microwave billiards
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Ficure 3 — Microwave set-up to study spectra and wave functions (left), and a typical
microwave reflection spectrum (right) [2].
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FicUurE 4 — Wave functions in a stadium-shaped microwave reso
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khows |U,(r)|” in a colour plot.



BPECtUmMm of complex nuclei
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Figure 1.1. Slow neutron resonance cross-sections on thorium 232 and uranium 238 nuclei.




I'he spectra
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plane waves

W(r)=""a_exp(ikr)

Rotation of basis:
exp(ikr) = > u, . exp(iqr)
q

Random superposition of plane waves on an o
energy shell E=const Does not change statistics of

wavefunction (basis invariance)

Large number of terms in the : S
sum over k (large energy E) Gaussian statistics



saussian ensembles

23 -15 -09 14

Random entry Hnm:
-09 16 -0.7 0.1 fluctuates around zero
' independently of other
1'4 21 01 13 entries and with

Gaussian distribution



ensembles

Wigner surmise



sdsisTrotation invariance

H=UHU ™

exp(ikr) = u,, exp(iqr)
q

Mathematically

very powerful but IS EIC S ey
excludes wavefunction (basis invariance)

localization

P(H) _ e—TrH2 _ @r(UHU )2

Does not change
probability



{OW TO GET
ZAT QN IN RMT?

Basis Preference



osenzweig-Porter RMT

Scaling with NxN matrix,
matrix size uncorrelated
as for YS random entries

diagonal: preference:

= Localization
RetVels may happen
(1960) in this

particular

ensemble

fixed basis

P(H)=H e—Hﬁm/zaH e-Hﬁnlz ?,__e—aTr(HZ)

n=m n




EOCALIZED, EXTENDED ERGODIC AND
TENDED NON-ERGODIC PHASES

Finite number of occupied sites
in thermodynamic limit p—

Infinite number of occupied

sites but zero fraction of all sites
in the thermodynamic limit

0<D<1

| Finite fraction of occupied sites |

D=1




NOn- .JMJJ]' extended phase and

Extended
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Competition of power laws




e structure of Fock/Hilbert
BPECE Of Interacting systems

Tree-like structure :-.

of many-body ©

excitation

Basko, Aleiner, Altshuler,

, Two-bod
e-h pairs interactimy

particle
excitation

Altshuler, Gefen, Kameney,
Levitov, 1997




Cayley tree

e No loops like in 1D

~ , but N(r)=K" like in
infinite dimensions

Coordination
number finite like in

b ....... e ) finite dimensions



».but no boundary

Random
regular

graph
(RRG)



Anderson model of
localization



JI'he case of RRG
Pes (1) =exp[—Ar]

# pairs ata dlstance r: K'=exp[InK r]

d=InN/InK 1s the graph diameter

D=1-A(W)/InK



Competition of power laws




Lattice of
N sites




Fractal dimension D and
Shannon entropy

Shennon entropy D =0, localized

(> |¥; FIn|¥,F)=InN*3 0<D <1, fractal
! D =1, ergodic extended

N is size of the system

D is the Hausdorf dimension of eigenfunction support set



"‘-

ictal dimension D(g) and Renyi
entropy

In <mei \2q>= (q-1)D, InN,

0, localized
D, =4 0<D, <1, fractal

4

1, ergodic extended



1es of eigenfunction
statistics

Mott criterion:
sufficient criterion

of ergodicity

Anderson criterion:
sufficient criterion
of localization
- Or~1/R is mean level spacing in volume

R, Vhop (R)= is the hopping matrix

(R)|<R

<R (Ve >0), = localization

|V

hop



Po € +JAby, —E*, (semi-circle y<1)
N

>:oo — semicircle, = ergodic extended
IimN—)oo

e T

N =2 3 (o ) = AN

n,m=1

N
L > (|H )<, = localized
N n,m=1 .
The gap between the
Mott and the Anderson
criteria leaves room for
fractal phase

ergodic/basis inv = 7/
0 | 2
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ntermediate case

myariant random hopping

/ ..

Momentum basis is complementary

to a coordinate one



poordinate-momentum basis

e|ifz ity and level statistics

Crit Y%g =2 ‘ Loc

Weakl ‘ F  Loc
m: ﬁ, Weakly Ergodic-p

Vo =2-Y)

Coordinate
basis

Poisson level

statistics for
Momentum

Correlations in hopping

i | delocalized
Rl ; Fully Bz R ( ' (in coordinate
e space) states

g

If ates are localized either in the coordinate or in the
momentum basis then the level statistics is Poisson

If the states are ergodic in any frame then the level statistics
i1s Wigner-Dyson

@ Otherwise the level statistics is “hybrid”



