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Condensed matter (table-top) Lab. For QED in 2 dimensions
Supercritical phenomena in relativistic quantum mechanics
Relativistic atoms and molecules
Relativistic electron-dipole system
Charged impurities in graphene 
Planar atoms in graphene
Planar molecules in graphene
Dipole type impurities
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Why graphene is so attractive?
 Broad spectrum of practical applications
 Powerful testing ground for (2+1)-dimensional QED
New way for other two-dimensional materials
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Zero effective mass of quasiparticles
Velocity of quasiparticles is more than 300 times less than 

that of light speed
Gapless band structures
Linear dispersion relation
Nevertheless, their dynamics is described by ultrarelativistic

Dirac equation
Coupling constant is 300 times larger than that of fine 

structure constant
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Graphene is unique testing ground for many QED 
effects such as:
 Vacuum polarization
 Schwinger pair creation
 Klein Tunneling
Darmstadt effect
Casimir effect 
 Etc.
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Energy space in the relativistic quantum mechanics consist of upper 

continuum (analog of the conduction band in condensed matter), lower 

continuum called “Dirac sea” (analog of valence band) and the gap 

between them

The phenomena occurring near the Dirac sea, i.e. for the energies close to 

lower continuum are called supercritical phenomena.

Such phenomena as electron-positron pair production by Schwinger 

mechanism, Klein tunneling, vacuum polarization etc. are the supercritical 

phenomena.
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Vacuum polarization
Electron-positron pair creation
Klein tunneling
Casimir effect
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Spectrum of the Dirac equation. Indicated are possible atomic
Excitations: (1) excitation, (2) ionization, (3) pair creation with capture,
and (4) direct pair creation. 
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Electron motion in strong Coulomb field is relativistic

Relativistic Coulomb problem    (𝑚𝑚 = 𝑐𝑐 = ℏ = 1)

𝛼⃗𝛼𝑝⃗𝑝 + 𝛽𝛽 −
𝑍𝑍𝑍𝑍
𝑟𝑟

𝜓𝜓 = 𝐸𝐸𝐸𝐸

𝐸𝐸 = 1 +
𝑍𝑍𝑍𝑍

𝑗𝑗 + 𝑛𝑛𝑟𝑟
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𝐻𝐻 = 𝛼⃗𝛼 𝑝⃗𝑝 + 𝛽𝛽 𝑚𝑚𝑐𝑐2 −
𝑧𝑧𝑧𝑧
𝑟𝑟

𝛼𝛼 =
1

137

Ground state energy

𝐸𝐸0 𝑧𝑧 = 𝑚𝑚𝑐𝑐2 1 − 𝑧𝑧2𝛼𝛼2

For                                       becomes imaginary

(Pomeranchuk & Smorodinsky, 1945)

𝑧𝑧 > 137 𝐸𝐸0
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𝑉𝑉 𝑟𝑟 = �
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Pair production in strong 
field occurs in diving of 
(empty) levels into the 
Dirac sea

𝑚𝑚𝑐𝑐2

−𝑚𝑚𝑐𝑐2

0
𝐸𝐸0 𝑧𝑧
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Usual QED

Coupling constant
𝜶𝜶 =

𝟏𝟏
𝟏𝟏𝟏𝟏𝟏𝟏

QED in graphene

Coupling constant
𝜶𝜶𝒈𝒈 =

𝟑𝟑𝟑𝟑𝟑𝟑
𝟏𝟏𝟏𝟏𝟏𝟏
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Charged impurities in graphene allow to create two-

dimensional relativistic atoms and molecules as the

electron motion in the Coulomb field of such charges are

described by Dirac equation.
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 Charged impurities in graphene create two dimensional (planar) 
relativistic atoms and molecules where electron dynamics is 
described by the Dirac equation.
 If the charge of the impurity exceeds critical value bound state 

energy levels approach the boundary of continuum and diving 
can also occur.
 This allows one to realize pair production phenomena with one or 

more charged impurities.
 Since coupling constant is such systems is much larger than fine 

structure constant, the critical charge needed for pair production 
is also quite small (compared to 3D system, i.e. 170).
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Potential:
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𝛼⃗𝛼𝑝⃗𝑝 + 𝛽𝛽 −
𝑍𝑍𝑍𝑍
𝑟𝑟1
−
𝑍𝑍𝑍𝑍
𝑟𝑟2

𝜓𝜓 = 𝐸𝐸𝐸𝐸

𝜓𝜓 𝑟𝑟1, 𝑟𝑟2 = 𝐴𝐴𝜙𝜙1 𝑟𝑟1 + 𝐵𝐵𝜙𝜙2 𝑟𝑟2

𝜙𝜙 𝑟𝑟 - one center Coulomb wave function
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V.I. Matveev, D.U. Matrasulov, H.Yu. Rakhimov. Phys. At. Nuclei  63(2000) 318
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Hamiltonian:

Condition:

D. Klopfer, A. De Martino, D. Matrasulov, and R. Egger. Eur. Phys. J. B 87, 187 (2014).
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D. Klopfer, A. De Martino, D. Matrasulov, and R. Egger. Eur. Phys. J. B 87, 187 (2014).
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D. Klopfer, A. De Martino, D. Matrasulov, and R. Egger. Eur. Phys. J. B 87, 187 (2014).
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A. De Martino, D. Kloepfer, D. Matrasulov, R. Egger Phys.Rev.Lett., 112, 186603 (2014)
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NACMP 2017,  September 20-28, Khiva, Uzbekistan

Relativistic electron-dipole system
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A. De Martino, D. Kloepfer, D. Matrasulov, R. Egger Phys.Rev.Lett., 112, 186603 (2014)

Density of states for planar relativistic electron-dipole system.
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Efimov effect first discovered by V. Efimov in 1970 is one of the
most intriguing phenomena in the physics of few body systems.
This effect appears in 3-body systems in 3-dimensional space,
which interact through short-range pair-potentials. It is always
possible to tune the couplings of the interactions in such a way that
none of the particle pairs has a negative energy bound state, but at
least two pairs have a resonance at zero energy. In this case the 3-
body system exhibits an infinite sequence of bound levels, where
the energy of the n-th level decreases exponentially with n.
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3B bound states appear
through the 2B
threshold as λ increases

1B + 1B + 
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‘Usual’ system
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Efimov system

V3B(R1,R2,R3) = Σ
λV2B(Ri)
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Efimov effect
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Bound states of the planar relativistic electron-dipole system obey the 
scaling hierarchy (n = 1, 2, . . .)

with the numbers (P > Pj,κ)
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Bound state spectrum vs dipole moment

A. De Martino, D. Kloepfer, D. Matrasulov, R. Egger Phys.Rev.Lett., 112, 186603 (2014)
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Supercritical states appearing in relativistic quantum mechanics 
near the Dirac sea can be studied with charged impurities in 
graphene which create (artificial) relativistic 2D atoms and 
molecules;

For equal nuclear charges of slightly subcritical value, one can 
induce a transition to the supercritical regime by reducing the 
distance R between the Coulomb centers below a critical value

The electric dipole problem for 2D Dirac fermions exhibits rich 
physics that could be probed by STM spectroscopy in graphene

The Efimov-like scaling of the bound state energies, with the gap 
edges as accumulation points, suggests that electrons can be 
captured (and, thus, confined) by a dipole potential.

Challenges:

Boundary effects (Atom-in-box system)

Finite size effects

Dynamical supercritical phenomena
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Reinhold Egger (Heinrich-Heine-Universität Düsseldorf)

Alessandro De Martino (City University London, London)

Denis Kloepfer (Heinrich-Heine-Universität Düsseldorf)
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