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gapped bulk with groundstate 
characterized by a topological 
invariant

in-gap boundary states  
robust against symmetry-preserving local 
perturbations which donÕt close the bulk gap
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gapped bulk characterized  
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T. Kitagawa et al., Phys. Rev. B 82, 235114 (2010)

in-gap Floquet boundary states  
robust against symmetry-preserving local 
perturbations which donÕt close the bulk gap
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Transmission spectra corresponding to the four di" erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! ⇡ label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
#L, A 1 = #R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! $ /2 vs. frequency$ and number of dimersN . The driving is set to v(t) = 0 .4 cos($ t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions#L, A 1 = #R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! ⇡ = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di" erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are#L,A 1 = #R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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by analyzing the full time evolution 

one Þnds that the anomalous gap 
may support Floquet boundarys states, 
coded by a second (winding number) 
topological invariant
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by analyzing the full time evolution 

one Þnds that the anomalous gap 
may support Floquet boundarys states, 
coded by a second (winding number) 
topological invariant

gapless Floquet boundary states  
robust against symmetry-preserving local 
perturbations which donÕt close the bulk gap
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Transmission spectra corresponding to the four di" erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! ⇡ label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
#L, A 1 = #R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! $ /2 vs. frequency$ and number of dimersN . The driving is set to v(t) = 0 .4 cos($ t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions#L, A 1 = #R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! ⇡ = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di" erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are#L,A 1 = #R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! ⇡ label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ~! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! ⇡ = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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The topological invariants ! 0 and ! ⇡ label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ~! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! ⇡ = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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How does the chiral symmetry-protection play out in the time-periodic case?
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= ! Ĥ (! t) (1)

H (t) = H (t + T)

|! n (t)" = exp(! i " n t)|un (t)"

|un (t)" = |un (t + T)"

"n

2#/T

U(t, t + T)|un (t)" = exp(! i " n T)|un (t)"

H (t) = H0 + V (t)

H (t) = H0(t) + V (t)

H0(t) = H0(t + T)

V (t) = V (t + T)

H0(t) = !
N!

j =1

"
($1 ! v(t))c 

A,j cB,j + ($2 + v(t))c 
B,j cA,j +1 +H.c.

#
, v(t) # cos(" t) (2)

(v(t) = 0)

%zH0(k)%z = ! H0(k) H0 =
$

k (c
 
A,k c 

B,k )H0(k)(cA,k cB,k )

H0 = !
N!

j =1

"
$1c 

A,j cB,j + $2c 
B,j cA,j +1 +H.c.

#
(3)

$1 = 0

$2 > $1

%zU0(k; 0, T)%z = U! 1
0 (k; 0, T)

U0(k; t0, t) = T exp

%
! i

& t

t 0

dt"H0(k, t "
)

'
(4)

%zH0(k, t)%z = ! H0(k, ! t) (5)

$1 = 0.15" , v(t) = 0.4" cos(" t), " = 2#/T (6)

3

! sin(" t) + ! 2 sin(2" t) (19)

V (t) = V! (t) + Vn ! (t) (20)

" (1)
! =

1
T

! T

0
h# 0(t)|V(t)|# 0(t)idt, (21)

" (2)
! =

"

" != !

#
#
#1

T

$T
0 h$0(t)|V(t)|# 0(t)idt

#
#
#
2

"0
! � "0

"
, (22)

where |# 0(t)i, |$0(t)i are unperturbed steady modes associated with quasienergies"0
! and "0

" ,
" 0

! = 0

Z2 (23)

v(t) = 0 (24)

Proof:

DeÞneF ⌘ U(0, T
2 ) and G ⌘ U( T

2 , T). Then, directly from the deÞnition

F ⌘
"

n

(�i )n
! T

2

0
dt1 ...

! tn�1

0
dtn H (t1) ... H (tn ),

G ⌘
"

n

(�i )n
! T

T
2

dt1 ...
! tn�1

T
2

dtn H (t1) ... H (tn ).

(25)

The Hamiltonian H (t) is periodic in time and therefore G also equalsU(�T
2 , 0). We then use the substitution

8i 2 N : %i = �t i and the condition #H (t)# = �H (�t) to obtain a relation between F and G,

F =
"

n

(i )n
! " T

2

0
d%1 ...

! #n�1

0
d%n H (�%1) ... H (�%n )

=
"

n

(�i )n
! " T

2

0
d%1 ...

! #n�1

0
d%n #H (%1)# ... #H (%n )#

= #U(0,�T
2

)# = #G†#.

(26)

The chiral symmetry condition #U(0, T)# = U" 1(0, T)
then follows immediately from U(0, T) = F G = #G†#G.

! 1,j cos(" t) + ! j cos(2" t) (27)

! 1 = 0 .15" (28)

2

! 0 = 1 (7)

! ⇡ = 1 (8)
2

! 0 = 1 (7)

! ! = 1 (8)

numerical computation, using an approach from   
J. K. Asb—th et al., Phys. Rev. B 90, 125143 (2014)
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The boundary states are expected to be robust under local time-  
periodic perturbations                           satisfying  

2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t)" z = ! V (k, ! t) (9)

V (t) = V (t + T ) (10)

! V (t)! = ! V (! t) (11)

! "
!

j

(|j, A#$j, A| ! |j, B#$j, B|) (12)

#i % #i,jf (t), i = 1 , 2; j = 1 , ..., n & N f (t + T ) = f (t), f (! t) = f (t) (13)

+ " g(t)
n!

j=1

(c†A,jcA,j ! c
†
B,jcB,j), n & N g(t + T ) = g(t), g(! t) = ! g(t) (14)

#1/2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain lengthN = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

adding a time-periodic disordered 
chemical potential close to a boundary
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Transmission spectra corresponding to the four di" erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
#L, A 1 = #R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! $ / 2 vs. frequency$ and number of dimersN . The driving is set to v(t) = 0 .4 cos($ t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions#L, A 1 = #R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di" erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are#L,A 1 = #R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain lengthN = 40
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symmetry-breaking perturbations

symmetry-preserving perturbations



The robustness of the boundary states depends critically  
on the relative phase between bulk driving and perturbation.



Energy spectrum

Time-independent SSH model  
subject to (chiral) symmetry-preserving time-periodic perturbations 
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Time-independent SSH model within Floquet theory
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Time-independent SSH model within Floquet theory
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What about robustness of boundary states in the  
ordinary time-independent SSH model subject to  
local time-periodic perturbations?



Since thereÕs no bulk driving and hence no constraint from  
a relative phase, one expects that the boundary states are 
robust against a much larger class of perturbations*!

What about robustness of boundary states in the  
ordinary time-independent SSH model subject to  
local time-periodic perturbations?

* provided there is at least one reference time     
* for which the perturbation is chiral symmetric
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#1/ 2 disorder amplitudes varying randomly in the interval [�0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
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n

Vn cos(n# t + $n ), (15)

where 8n 2 N : ! Vn ! = ± Vn and $n 2 R

t0 (16)
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#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain lengthN = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):
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symmetry-preserving perturbations (Floquet SSH)
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X

j

(|j, A#$j, A| ! |j, B#$j, B|) (12)

#i % #i,j f (t), i = 1 , 2; j = 1 , ..., n & N f (t + T ) = f (t), f (! t) = f (t) (13)

+ " g(t)
nX

j =1

(c 
A,j cA,j ! c

 
B,j cB,j ), n & N g(t + T ) = g(t), g(! t) = ! g(t) (14)

#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain lengthN = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t )" z = �V(k,�t) (9)

V (t) = V (t + T) (10)

�V(t)�= �V(�t) (11)

� ⌘
X

j

(|j, A ihj, A | � |j, B ihj, B |) (12)

#i ! #i,j f (t), i = 1 , 2; j = 1 , ..., n ⌧ N f (t + T) = f (t), f (�t) = f (t) (13)

+ �g(t)
nX

j =1

(c†A,j cA,j � c†B,j cB,j ), n ⌧ N g(t + T) = g(t), g(�t) = �g(t) (14)

The disordered#1/ 2 and � amplitudes vary randomly 2 [�0.2⌦, 0.2⌦] in the Òboundary regionÓj =1 , ..., 10,
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .2 cos(⌦t), chain length N = 40
The disordered#1/ 2 and � amplitudes vary randomly 2 [�0.5⌦, 0.5⌦] in the Òboundary regionÓj =1 , ..., 10,
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .4 cos(⌦t), chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t + $n ), (15)

where 8n 2 N : �Vn� = ± Vn and $n 2 R

t0 (16)

#2 cos(⌦t) + #1 sin(2⌦t) (17)

#2 cos(⌦t) + � cos(2⌦t) (18)

� sin(⌦t) + #2 sin(2⌦t) (19)
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"
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! 1,j cos(⌦t) ! 2,j cos(⌦t) ! 1,j sin(⌦t) ! 2,j sin(⌦t) �j sin(⌦t) �j cos(⌦t) (34)

4

The chiral symmetry condition ! U(0, T)! = U! 1(0, T)
then follows immediately from U(0, T) = F G = ! G†! G.

! 1,j cos(" t) + # j cos(2" t) (28)

! 1 = 0 .15" (29)

R[! / 4] =
!

cA,k

cB,k

"
. (30)

! U(t0, t0 + T)! != U! 1(t0, t0 + T), " t0 (31)

" t0 (32)

! U(t0, t0 + T)! = U! 1(t0, t0 + T), " t0 (33)

! 1,j cos(" t) ! 2,j cos(" t) ! 1,j sin(" t) ! 2,j sin(" t) # j sin(" t) # j cos(" t) (34)

4

The chiral symmetry condition �U(0, T )� = U
! 1

(0, T )

then follows immediately from U(0, T ) = FG = �G
 
�G.

! 1,j cos(⌦t) +�j cos(2⌦t) (28)

! 1 = 0.15⌦ (29)

R[! / 4] =

!
cA,k

cB,k

"
. (30)

�U(t0, t0 + T )� !=U
! 1

(t0, t0 + T ), " t0 (31)

" t0 (32)

�U(t0, t0 + T )�=U
! 1

(t0, t0 + T ), " t0 (33)

! 1,j cos(⌦t) ! 2,j cos(⌦t) ! 1,j sin(⌦t) ! 2,j sin(⌦t) �j sin(⌦t) �j cos(⌦t) (34)

symmetry-preserving perturbations (ordinary SSH)

symmetry-preserving perturbations (Floquet SSH)



4

The chiral symmetry condition �U(0, T)� = U! 1(0, T)
then follows immediately from U(0, T) = F G = �G†

�G.

! 1,j cos(⌦t) + �j cos(2⌦t) (28)

! 1 = 0 .15⌦ (29)

R[! /4] =
!

cA,k

cB,k

"
. (30)

�U(t0, t0 + T)� != U! 1(t0, t0 + T), " t0 (31)

" t0 (32)

�U(t0, t0 + T)�= U! 1(t0, t0 + T), " t0 (33)

! 1,j cos(⌦t) ! 2,j cos(⌦t) ! 1,j sin(⌦t) ! 2,j sin(⌦t) �j sin(⌦t) �j cos(⌦t) (34)

4

The chiral symmetry condition ! U(0, T)! = U! 1(0, T)
then follows immediately from U(0, T) = F G = ! G  ! G.

! 1,j cos(" t) + # j cos(2" t) (28)

! 1 = 0 .15" (29)

R[! / 4] =
!

cA,k

cB,k

"
. (30)

! U(t0, t0 + T)! != U! 1(t0, t0 + T), " t0 (31)

" t0 (32)

! U(t0, t0 + T)! = U! 1(t0, t0 + T), " t0 (33)

! 1,j cos(" t) ! 2,j cos(" t) ! 1,j sin(" t) ! 2,j sin(" t) # j sin(" t) # j cos(" t) (34)

4

The chiral symmetry condition ! U(0, T)! = U�1(0, T)
then follows immediately from U(0, T) = F G = ! G†! G.

! 1,j cos(" t) + # j cos(2" t) (28)

! 1 = 0 .15" (29)

R[⇡/ 4] =
!

cA,k

cB,k

"
. (30)

! U(t0, t0 + T)! 6= U�1(t0, t0 + T), 8t0 (31)

8t0 (32)

! U(t0, t0 + T)! = U�1(t0, t0 + T), 8t0 (33)

! 1,j cos(" t) ! 2,j cos(" t) ! 1,j sin(" t) ! 2,j sin(" t) # j sin(" t) # j cos(" t) (34)

2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t)" z = ! V (k, ! t) (9)

V (t) (10)

! V (t)! = ! V (! t) (11)

! "
X

j

(|j, A#$j, A| ! |j, B#$j, B|) (12)

#i % #i,j f (t), i = 1 , 2; j = 1 , ..., n & N f (t + T ) = f (t), f (! t) = f (t) (13)

+ " g(t)
nX

j =1

(c 
A,j cA,j ! c

 
B,j cB,j ), n & N g(t + T ) = g(t), g(! t) = ! g(t) (14)

#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain lengthN = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t )" z = �V(k,�t) (9)

V (t) = V (t + T) (10)

�V(t)�= �V(�t) (11)

� ⌘
X

j

(|j, A ihj, A | � |j, B ihj, B |) (12)

#i ! #i,j f (t), i = 1 , 2; j = 1 , ..., n ⌧ N f (t + T) = f (t), f (�t) = f (t) (13)

+ �g(t)
nX

j =1

(c†A,j cA,j � c†B,j cB,j ), n ⌧ N g(t + T) = g(t), g(�t) = �g(t) (14)

The disordered#1/ 2 and � amplitudes vary randomly 2 [�0.2⌦, 0.2⌦] in the Òboundary regionÓj =1 , ..., 10,
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .2 cos(⌦t), chain length N = 40
The disordered#1/ 2 and � amplitudes vary randomly 2 [�0.5⌦, 0.5⌦] in the Òboundary regionÓj =1 , ..., 10,
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .4 cos(⌦t), chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t + $n ), (15)

where 8n 2 N : �Vn� = ± Vn and $n 2 R

t0 (16)

#2 cos(⌦t) + #1 sin(2⌦t) (17)

#2 cos(⌦t) + � cos(2⌦t) (18)

� sin(⌦t) + #2 sin(2⌦t) (19)

symmetry-breaking perturbations (Floquet SSH)



2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t)" z = ! V (k, ! t) (9)

V (t) (10)

! V (t)! = ! V (! t) (11)

! "
X

j

(|j, A#$j, A| ! |j, B#$j, B|) (12)

#i % #i,j f (t), i = 1 , 2; j = 1 , ..., n & N f (t + T ) = f (t), f (! t) = f (t) (13)

+ " g(t)
nX

j =1

(c 
A,j cA,j ! c

 
B,j cB,j ), n & N g(t + T ) = g(t), g(! t) = ! g(t) (14)

#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain lengthN = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t )" z = �V(k,�t) (9)

V (t) = V (t + T) (10)

�V(t)�= �V(�t) (11)

� ⌘
X

j

(|j, A ihj, A | � |j, B ihj, B |) (12)

#i ! #i,j f (t), i = 1 , 2; j = 1 , ..., n ⌧ N f (t + T) = f (t), f (�t) = f (t) (13)

+ �g(t)
nX

j =1

(c†A,j cA,j � c†B,j cB,j ), n ⌧ N g(t + T) = g(t), g(�t) = �g(t) (14)

The disordered#1/ 2 and � amplitudes vary randomly 2 [�0.2⌦, 0.2⌦] in the Òboundary regionÓj =1 , ..., 10,
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .2 cos(⌦t), chain length N = 40
The disordered#1/ 2 and � amplitudes vary randomly 2 [�0.5⌦, 0.5⌦] in the Òboundary regionÓj =1 , ..., 10,
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .4 cos(⌦t), chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t + $n ), (15)

where 8n 2 N : �Vn� = ± Vn and $n 2 R

t0 (16)

#2 cos(⌦t) + #1 sin(2⌦t) (17)

#2 cos(⌦t) + � cos(2⌦t) (18)

� sin(⌦t) + #2 sin(2⌦t) (19)

4
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�G.
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4

The chiral symmetry condition ! U(0, T)! = U! 1(0, T)
then follows immediately from U(0, T) = F G = ! G  ! G.
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! U(t0, t0 + T)! = U! 1(t0, t0 + T), " t0 (33)

! 1,j cos(" t) ! 2,j cos(" t) ! 1,j sin(" t) ! 2,j sin(" t) # j sin(" t) # j cos(" t) (34)

4

The chiral symmetry condition ! U(0, T)! = U�1(0, T)
then follows immediately from U(0, T) = F G = ! G†! G.

! 1,j cos(" t) + # j cos(2" t) (28)

! 1 = 0 .15" (29)

R[⇡/ 4] =
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"
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symmetry-breaking perturbations (Floquet SSH)

symmetry-breaking perturbations (ordinary SSH)



Boundary states of chiral-invariant static systems are  
robust against all time-periodic perturbations which 
respect chiral symmetry for some reference time.



Time-independent SSH model  
subject to (chiral) symmetry-breaking time-periodic perturbations 

Consider local boundary perturbations of the form

2

! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t )" z = ! V (k, ! t) (9)

V (t) = V (t + T) (10)

�V(t)�= ! V (! t) (11)

� "
!

j

(|j, A #$j, A | ! |j, B #$j, B |) (12)

#i % #i,j f (t), i = 1 , 2; j = 1 , ..., n & N f (t + T) = f (t), f (! t) = f (t) (13)

+ �g(t)
n!

j =1

(c 
A,j cA,j ! c 

B,j cB,j ), n & N g(t + T) = g(t), g(! t) = ! g(t) (14)

#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2⌦, 0.2⌦], � =
bulk intracell hopping #1 = 0 .15⌦, bulk driving v(t) = 0 .2 cos(⌦t)
Òboundary regionÓj = 1 , ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
!

n

Vn cos(n⌦t + $n ), (15)

where ' n ( N : �Vn� = ± Vn and $n ( Rwhere
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! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t )" z = ! V (k, ! t) (9)

V (t) = V (t + T) (10)

! V (t)! = ! V (! t) (11)
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#i % #i,j f (t), i = 1 , 2; j = 1 , ..., n & N f (t + T) = f (t), f (! t) = f (t) (13)

+ " g(t)
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j =1

(c 
A,j cA,j ! c 

B,j cB,j ), n & N g(t + T) = g(t), g(! t) = ! g(t) (14)

#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
!

n

Vn cos(n# t + $n ), (15)

where ' n ( N : ! Vn ! = ±Vn and $n ( Rand
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! 0 = 1 (7)

! ! = 1 (8)

" zV (k, t )" z = ! V (k, ! t) (9)
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! V (t)! = ! V (! t) (11)
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+ " g(t)
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j =1
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A,j cA,j ! c 

B,j cB,j ), n & N g(t + T) = g(t), g(! t) = ! g(t) (14)

#1/ 2 disorder amplitudes varying randomly in the interval [ ! 0.2# , 0.2# ], " =
bulk intracell hopping #1 = 0 .15# , bulk driving v(t) = 0 .2 cos(# t)
Òboundary regionÓj = 1 , ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
!

n

Vn cos(n# t + $n ), (15)

where ' n ( N : ! Vn ! = ± Vn and $n ( R
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! ! = 1 (8)
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# % #i f (t), i = 1 , ..., n; n & N f (T + T) = f (t), f (! t) = f (t) (13)This class of perturbations generically break chiral 
symmetry for all choices of reference times    : 
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Floquet perturbation theory for a static chiral-invariant system

First- and second-order quasienergy corrections to  
any nondegenerate level due to a time-periodic perturbation          :
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the Þrst- and second-order contributions to the  
unperturbed zero-quasienergy level             vanish identically!
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The Hamiltonian H (t) is periodic in time and therefore G also equalsU(# T
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The perturbative results are not the full storyÉ

É the resilience against chiral symmetry-breaking perturbations 
sometimes holds also in the nonperturbative regime, and also for  
many other types of perturbations!
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How is this possible?

Because of the freedom of choice of reference  
time     for a time-independent model! 

Isolate the manifestly symmetry-breaking part  
of the perturbation! Choose     so that this part    
gets minimized! This choice of     puts a bound 
on the effect of the perturbation.
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Transport signatures of symmetry protection 
in 1D Floquet topological insulators
O. Balabanov and H. J., arXiv:1902.01268 

Case study:  
periodically driven SSH model

The hybridization of the boundary states 
in a small system opens a transport channel 

Can it be used to probe the symmetry  
protection of the boundary states?



Toolbox: Nonequilibrium GreenÕs functions in Floquet-Sambe space 
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Finite-size dependence of the transmission 

Topological boundary states from  
the Ónormal gapÓ transmit more!
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The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.
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Unperturbed transmission spectrum 
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.



Unperturbed transmission spectrum 
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.



Transmission spectrum  
with local time-independent perturbations 
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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Transmission spectra corresponding to the four di#erent topological phases of the periodically driven arrays with
(a) " 1,0 = 0 .75, " 2,0 = 0 .45; (b) " 1,0 = 0 .45, " 2,0 = 0 .75; (c) " 1,0 = 1 .2, " 2,0 = 0 .8; (d) " 1,0 = 0 .8, " 2,0 = 1 .2.
The topological invariants ! 0 and ! " label the topological class of the corresponding array. In all four cases the
arrays consist of 9 dimers, the driving is set tov(t) = 0 .4 cos(3t), and the broadening functions are taken to be
$L, A 1 = $R, BN = 0 .1. The transmission spectra corresponding to the in-gap states are illustrated with higher color
intensity.

The transmissionT (0) at $ = ! ! / 2 vs. frequency! and number of dimersN . The driving is set to v(t) = 0 .4 cos(! t),
the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.

Transmission spectra of periodically driven dimer arrays in the topological phase with! 0 = 1 , ! " = 1, sub-
ject to time-independent boundary perturbations in the chemical potential µ1A, 1A and intra-cell hopping amplitude
" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
v(t) = 0 .4 cos (3t). The labels of the di#erent transmission spectra correspond to the amplitudes of the perturbation.
The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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the hopping amplitudes are" 1,0 = 0 .9 and " 2,0 = 1 .1, and the broadening functions$L, A 1 = $R, BN = 0 .05.
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The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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" 1A, 1B . The arrays have 9 dimers and hopping amplitudes" 1,0 = 0 .8, " 2,0 = 1 .2. The bulk driving is set to
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The broadening functions are$L,A 1 = $R,BN = 0 .1. The in-gap spectra are plotted using higher color intensity.
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with local periodically driven perturbations 
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The effect of time-periodic local perturbations of a chiral-invariant topological  
Floquet insulator depends critically on the relative phase between the drive of  
the system and that of the perturbation. 

No such constraint for a chiral-invariant time-independent topological insulator. 

A time-independent topological insulator generically exhibits an enhanced resilience 
against periodically driven symmetry-breaking perturbations. 

The symmetry protection of 1D topological Floquet boundary states may (in principle)  
be probed by transport measurements. The transport channel due to hybridization  
of boundary states from the Óanomalous gapÓ appears to be more fragile against  
symmetry-breaking local perturbations. 

SummarizingÉ 


