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the ISIS facility, UK. Our data collected at 40 K can be well 
fitted with the normal spinel structure as discussed above 
(see  table 1). Most interestingly, a direct comparison of the 
data with that taken at 0.4 K does not show any new superlat-
tice peaks at the low temperatures (see the difference curve 
of figure 4(b)). This is clear evidence in favor of the absence 
of any long-ranged order in CuAl2O4. We further note that 
a separate measurement using a triple-axis-spectrometer, 
TAS2 of JAEA, also produced a very similar picture, i.e. no 
sign of magnetic ordering in the low-temperature diffraction 
data, reinforcing our view that the magnetic transition seen in 
CuAl2O4 is not of a long-ranged order.

Of further interest is also the fact that our data collected 
both above and below the transition temperature failed to 
show any sign of structural distortion: all our diffraction data 
are consistent with the cubic Fd-3m space group. This is quite 
surprising given the fact that Cu2+ is a Jahn–Teller active 
ion. To further demonstrate this point, we show the enlarged 
picture of the (4 0 0) and (2 2 2) Bragg peaks as the insets 
in figure 4(b): both peaks have more or less the same value 
of FWHM (full width at half-maximum) at 40 and 0.4 K:  
for the (4 0 0) peak it is FWHM  =   0.003 53(4) at 0.4 K and 
FWHM  =   0.003 49(4) at 40 K; for the (2 2 2) peak it is 
FWHM  =   0.003 71(3) at 0.4 K and FWHM  =   0.003 75(3) 
at 40 K. Furthermore, we carried out high-resolution XRD 
experiments using a commercial machine with the resolu-
tions of 0.04° (Bruker D8 Discover).

As a separate analysis of possible structural distortions, 
we simulated the diffraction patterns for the (4 0 0) and (2 2 2) 
peaks with a hypothetical tetragonal distortion of 0.5% elonga-
tion along the c-axis. As one can see in the dashed-line next to 
the data in the inset of figure 4(b), this rather small tetragonal 

distortion split the (4 0 0) peaks, which is easily detectable by 
our high-resolution neutron diffraction experiment. Thus we 
can safely put the upper bound of a possible Jahn–Teller dist-
ortion for CuAl2O4 at lower than 0.1%. However, it is still 
possible that Cu2+ ions undergo a local Jahn–Teller distortion 
without breaking the global symmetry. Local probes such as 
a total scattering technique might be helpful to answer this 
question although our high-resolution diffraction data seem 
to put it in doubt.

Before moving on to the theoretical discussion as to the 
absence of the Jahn–Teller distortion in CuAl2O4, we would 
like to point out a subtle, but importance difference for the 
tetrahedral symmetry as compared to the octahedral configu-
ration. The usual Jahn-Teller distortion of ions at the octa-
hedral surrounding, e.g. perovskite oxides, is defined as a 
distance between a metal (Me) ion and oxygen (O). However, 
the Jahn–Teller distortions for the tetrahedra symmetry is not 
measured by a Me–O distance, but by a O–Me–O angle. This 
difference between O–Me–O angles then translates to the c/a 
ratio, which is the hallmark of the Jahn–Teller distortions 
for ions at the tetrahedral configuration. This value is usu-
ally not that small and can be easily detectable by x-ray or 
neutron diffractometer with reasonable resolutions: e.g. the 
c/a ratio is 0.91 for both CuCr2O4 and CuRh2O4 and about 
1.04 for NiCr2O4 and NiRh2O4 [30]. As the measure of local 
dist ortions, we calculate two O–Me–O angles for CuRh2O4, 
122.6 ° and 103.3°, and the difference between the two 
angles, i.e. the strength of the local distortion for CuRh2O4, is 
as large as 19.3° while it is zero to the accuracy of better than 
0.1% for CuAl2O4.

As the Cu2+ ion experiences the tetrahedral crystal field of 
neighboring four oxygen ions, it is expected to have three t2g 
levels (dxy, dxz, and dyz) separated from the two low-lying eg 
levels ( −dx y2 2 and dz2). Therefore, there is one hole in the t2g 
manifold for CuAl2O4, which is susceptible to a further Jahn–
Teller distortion to lower the total energy [31]. The absence 
of Jahn–Teller distortion in our sample strongly suggests that 
a possibly orbital liquid state is being realized for CuAl2O4. 
(see figure  1(a) for our schematic diagram for an orbital 
liquid-like state within the diamond structure of CuAl2O4). 
We note that for octahedral Cu2+ the Jahn–Teller distortion 
yields a low-symmetry distortion around the transition-metal 
ion and increases the stabilization energy [32–34].

In order to check this idea, we performed ab initio calcul-
ations within the local density approximation (LDA) and the 
linearized muffin-tin orbitals (LMTO) method [35]. Using 
the Wannier function projection procedure [36 ], we estimated 
hopping parameters between different t2g orbitals. Since these 
orbitals are degenerate, there are no dominating elements 
in the hopping matrix. The Frobenius norm of the hopping 
matrix for nearest neighbor Cu ions t NN  =   130 meV. This 
results in a strong exchange coupling JNN  =   4t2/U ~ 110 K  
(U ~ 7 eV in cuprates [37]), which should give a very large 
Neel temperature in a strong contrast to experimental findings. 
The origin of a strong suppression of the ordering temper ature 
in CuAl2O4 is in a strong frustration of the exchange inter-
action. Indeed, our LDA calculations show that next near-
est neighbor Cu, t NNN  =   110 meV, is only slightly smaller 

Figure 4. (a) Neutron powder diffraction data of CuAl2O4 taken at 
40 K. The symbols represent the data points with the line displaying 
the refinement results. The vertical ticks indicate the position 
of expected Bragg peaks with the difference curve shown at the 
bottom. (b) The difference curve between the neutron diffraction 
data obtained at 0.4 and 40 K shows no sign of any new superlattice 
peaks of magnetic origin. The insets in figure (b) are the enlarged 
pictures of the (4 0 0) and (2 2 2) Bragg peaks with similar values of 
FWHM, demonstrating that there is no structural distortion. We also 
simulated the diffraction patterns for (4 0 0) and (2 2 2) peaks for a 
hypothetical tetragonal distortion of 0.5% elongation along the  
c-axis (see the line in the inset).

J. Phys.: Condens. Matter 29 (2017) 13LT01
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Puzzle 1: No Jahn-Teller effect down  
to very low temperatures (0.4 K)!

Attention: There is some Cu/Al disorder
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the analysis of our heat capacity data. We initially checked 
the quality of the sample by x-ray diffraction experiments 
(Miniflex II, Rigaku). There were small (less than 1%) impu-
rity of Al2O3. DC magnetization measurements were per-
formed using a SQUID magnetometer (MPMS, Quantum 
Design, USA) in fields up to 5 T in the temperature range of 
1.8–300 K. We also used a He3 insert of the SQUID magne-
tometer to measure dc magnetization data down to 0.5 K. In 
order to study further the frequency dependence, we measured 
ac susceptibility under an ac field of 0.3 mT using the SQUID 
magnetometer at different frequencies from 1 to 1000 Hz in 
the temperature range of 1.8–150 K with both zero and small 
dc bias fields. Magnetic relaxation measurements were carried 
out using the SQUID magnetometer under a standard proto-
col: we collected the data under 5 T as a function of time after 
zero-field cooling (ZFC).

Heat capacity was measured by a relaxation technique from 
0.5 to 300 K with a commercial system (PPMS, Quantum 
Design, USA). Powder neutron diffraction (ND) experiments 
were carried out down to 0.4 K using two neutron instru-
ments: one is the high-resolution time-of-flight diffractometer 
(HRPD) at the ISIS Facility, UK and the other is a thermal 
triple-axis spectrometer, TAS2 of JAEA, Japan operated in a 
two-axis mode between 1.45 and 10 K. We also made sepa-
rate high-resolution x-ray diffraction measurement using a 
commercial machine (D8 advance, Bruker) from 300 to 40 K 
equipped with a low temperature cryostat: FullProf was used 
for structure analysis [21].

Results and discussion

Our high-resolution neutron and x-ray powder diffraction data 
confirm that our CuAl2O4 sample forms in a ‘largely normal’ 
spinel structure (see figures  1(a) and 4(a)) with Cu2+ ions  
at the A-site and Al3+ ions at the B-site (space group Fd-3m, 
No. 227). See table 1 for the summary of the structural infor-
mation. Our estimate of the lattice parameter of 8.076 83 (5) 
Å is close to those values reported in the previous works: 
8.078(1) and 8.079 Å [22, 23]: we note that [18] reported a 
smaller value of the lattice parameter, 8.045 Å. Our full struc-
ture analysis was carried out by the joint refinement of both 
neutron HRPD data and HR-XRD data taken at 40 and 300 K. 
The final refinement data show a significant site-inversion for 
Cu2+ ions, which occupy the otherwise forbidden octahedral 
B-sites (see table 1). We note that a smaller (6–8%) amount 
of site inversion was reported for other polycrystalline normal 
spinel oxides TAl2O4 (T  =  Co, Fe and Mn) [13, 14]. It is to 
be noted too that a similar amount (8%) of the site inversion 
was recently reported for CoAl2O4 single crystals [16]. All 
these experimental results including ours indicate how much 
difficult it is to remove the small site inversion completely for 
these TAl2O4 systems.

In order to study the low temperature magnetic properties, 
we measured the dc magnetization of CuAl2O4 with an applied 
field of 5 mT down to 0.5 K (see the inset of figure 1(b)). As 
one can see, there is a clear cusp centered at 2 K (Tm), indica-
tive of a magnetic phase transition. When measured under 

both field-cooled and zero-field-cooled conditions, the data 
show a clear bifurcation behavior. This is a typical sign of spin 
glass behavior. As we will show later, the position of this peak 
moves toward higher temperature with increasing frequency. 
Thus, the irreversible behavior in the dc magnetization can 
be taken as evidence of the spin glass transition occurring 
at low temperature for CuAl2O4. At higher temperatures, 
the dc magnetization follows the Curie–Weiss law with the 
Curie–Weiss temperature of θCW ~  −137 K and the effective 
moment value of ~1.95 µB/Cu2+ (figure 1(b)). This estimate 
of the effective moment value compares very well with the 
theor etical spin-only value of Cu2+ ion (1.73 µB). We com-
ment that the measured θCW is extremely large compared to 
the cusp temper ature (Tm) with f  =  67, where the frustration 
parameter ( f ) is defined as f  =  |θCW/Tm|. When the frustration 
parameter is larger than 5–10, it is generally considered as a 

Figure 1. (a) The spinel crystal structure and a schematic diagram 
of t2g orbitals showing the random distribution of Cu2+ d-states 
within the diamond structure of CuAl2O4. (b) Inverse susceptibility 
versus temperature of CuAl2O4 taken with an applied field of 0.1 T:  
the Curie–Weiss fit (line) with the Curie–Weiss temperature (θCW) 
of  −137 K and the effective moment of 1.95 µB/Cu2+. Inset in 
(b) depicts the magnetization data collected down to 0.6 K after 
both field-cooling and zero-field-cooling using a He3 insert of the 
SQUID magnetometer.

J. Phys.: Condens. Matter 29 (2017) 13LT01

• No long-range magnetic order down 
to very low temperatures (2 K); 

• Spin glass behavior is due to a some 
disorder in crystal structure?

Puzzle 2: Why strong exchange coupling  
does not make spins to order?
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magnetic entropy value of Cu2+ ion, Rln2  =  5.763 J mol−1 K−1.  
This difference leads us to a value of the zero-point entropy of 
4.92 J mol−1 K−1, which is very close to the value reported in 
[18]. If we consider the orbital degeneracy of Cu2+ ion with 
t2g manifold, this theoretical value should even get increased 
by the additional orbital entropy of Rln3. The application of 
magnetic field shifts most of the magnetic entropy from low 
to high temperatures as expected (figure 2). It is interesting 
to note that the magnetic entropy of FeCr2S4 single crystal, a 
candidate for an orbital glass state, reaches just over 2 J mol−1 
K−1 at 20 K, which is again much smaller than the theoretical 
value of the combined spin and orbital entropy, Rln2  +  Rln5 
[26].

The deficit of the magnetic entropy as compared with the 
theoretical value can be in principle interpreted in two ways. 
First, it implies that some significant parts of the total entropy 
may be released at much lower temperature or resided at 
zero temperature. Another equally possible scenario is that 
the total entropy may be recovered at much higher temper-
atures although we should note that we already integrated the 
entropy to 20 K, which is 10 times higher than the actual trans-
ition temperature. Either way, it implies strongly that the low 
temperature phase of CuAl2O4 is nontrivial.

To further examine the nature of the weak magnetic trans-
ition, we measured the ac susceptibility of CuAl2O4 under an 
ac field of 0.3 mT at different frequencies ranging from 1 Hz 
to 1 kHz. The real part of the ac susceptibility (figure 3(a)) 
demonstrates a clear frequency dependence below 2.5 K: the 
peak seen at 2 K for 1 Hz shifts towards higher temperatures 
with increasing frequency and eventually reaches at ~2.4 K 
for 1 kHz. This shift of the peak temperature with increasing 
frequency is considered as a hallmark of spin glass, as often 
observed in materials with magnetic frustration or competing 
interactions [1, 2, 27].

The magnetization versus field data of CuAl2O4 show a lin-
ear field dependence at 50 and 300 K (figure 3(b)). However, 
a S-shaped curvature develops at lower temperatures (inset 
in figure  3(b)). From the data measured at 0.6 K under the 
 magnetic field of 5 T, we estimated the magnetic moment 
value to be ~0.12 µB/Cu2+ at 5 T but the magnetization never 
reaches a saturation. We also note that there is a small but 
finite non-zero isothermal remnant magnetization (IRM) at 
0.6 K. The three observations: the S-shaped magnetization, 
no saturation behavior, and the IRM, are consistent with the 
typical behavior of canonical spin glass [2] and were previous 
noted for other oxides too [27].

While the frequency-dependent ac susceptibility con-
firms the spin glass state and its nonequilibrium characteris-
tics, we further looked for a possible slow relaxation of the 
magnetization at low temperatures and performed magnetic 
relaxation measurements on CuAl2O4. For this we specifically 
measured the magnetization as a function of time (t), M(t), 
and plotted the data in the inset of figure 3(a) after normaliz-
ing the data with respect to the initial magnetization at t  =  0, 
i.e. M(t)/M(0). For this relaxation measurement, the sample 
was initially zero-field-cooled to each target temperature 
from 300 K. After a magnetic field of 5 T was switched on 
and the field was stabilized (t  =  0), we started to collect the 

time-dependent data. As one can see in the figure, the magn-
etic relaxation effects are clearly observable below 10 K; 
which becomes most pronounced at 2 K, coinciding with the 
cusp temperature in the dc and ac magnetization data (figures 
1 and 3). The magnetization still shows relaxation behavior 
even after waiting for more than an hour at 2 K. Note that time 
was measured in seconds in the inset of figure 3(a). The magn-
etic relaxation behavior is a canonical feature of spin glass 
[1, 2, 28]. We further comment that the magnetization ratio is 
almost linear in the log(t) plots in the glassy region: which is 
also a characteristics of a conventional spin glass, indicating 
the evolution of a broad distribution of spin relaxation rates in 
the vicinity of the freezing temperature [29].

Although all the bulk data discussed above consistently 
show that the low-temperature transition is of spin glass ori-
gin, one needs further microscopic studies such as neutron 
diffraction experiment. In order to investigate the temper-
ature evolution of the crystal as well as magnetic structures, 
we carried out high-resolution neutron powder diffraction 
experiments from 300 to 0.4 K using the HRPD beamline of 

Figure 3. (a) Real part of ac susceptibility (χ) versus temperature 
at different frequencies taken with an applied field of 0.3 mT. The 
arrow indicates the direction of increasing frequency. The inset 
shows the relaxation behavior of magnetization ratio M(t)/M(0) as a 
function of time taken at a few selected temperatures under applied 
field of 5 T. (b) Magnetization versus field data of CuAl2O4 at a 
few representative temperatures: 300, 50, 2, and 0.6 K, in applied 
fields up to 5 T with the inset showing the low field region of the 
0.6 K data.

J. Phys.: Condens. Matter 29 (2017) 13LT01
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for the symmetry of the intersite interactions. Namely, the
very form of the exchange Hamiltonian depends on bond
geometry through a density profile of Kramers states, as we
demonstrate below.

Exchange couplings of neighboring Kramers states.—
We consider the limit of the strong spin-orbit coupling, i.e.,
when ! is larger than exchange interaction between the
isospins. The exchange Hamiltonians for isospins are then
obtained by projecting the corresponding superexchange
spin-orbital models onto the isospin states Eq. (1). First, we
present the results for the case of cubic symmetry (! ¼ 0,
sin"¼ 1=

ffiffiffi
3

p
), and discuss later the effects of a tetragonal

distortion. We consider two common cases of TM-O-TM
bond geometries: (A) a 180"-bond formed by corner-
shared octahedra as in Fig. 2(a), and (B) a 90"-bond
formed by edge-shared ones, Fig. 2(b).

(A) A 180" bond: For this geometry, the nearest-
neighbor t2ghopping matrix is diagonal in the orbital space
and, on a given bond, only two orbitals are active, e.g., jxyi
and jxzi orbitals along a bond in x-direction [Fig. 2(a)].
The spin-orbital exchange Hamiltonian for such a system
has already been reported: see Eq. (3.11) in Ref. [12]. After
projecting it onto the ground state doublet, we find an
exchange Hamiltonian for isospins in a form of

Heisenberg plus a pseudodipolar interaction,

H ij ¼ J1 ~Si # ~Sj þ J2ð ~Si # ~rijÞð~rij # ~SjÞ; (2)

where ~Si is theS¼ 1=2 operator for isospins (referred to as
simply spins from now on), ~rij is the unit vector along the
ij bond, and J1ð2Þ ¼ 4

9#1ð2Þ. Hereafter, we use the energy
scale 4t2=U where t is a dd-transfer integral through an
intermediate oxygen, and U stands for the Coulomb re-
pulsion on the same orbitals. The parameters #1ð2Þ control-
ling isotropic (anisotropic) couplings are given by
#1 ¼ ð3r1 þ r2 þ 2r3Þ=6 and #2 ¼ ðr1 ' r2Þ=4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio $ ¼ JH=U of
Hund’s coupling and U [24]. At small $, one has #1 ’ 1
and #2 ’ $=2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolarlike anisotropy term.
While the overall form of Eq. (2) could be anticipated
from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO coupling,
the magnetic degrees are governed by a nearly Heisenberg
model just like in the case of small !, and, surprisingly
enough, its anisotropy is entirely due to the Hund’s cou-
pling. This is opposite to a conventional situation: typi-
cally, the anisotropy corrections are obtained in powers of
! while the Hund’s coupling is not essential.
(B) A 90" bond: There are again only two orbitals active

on a given bond, e.g., jxzi and jyzi orbitals along a bond in
the xy-plane. However, the hopping matrix has now only
nondiagonal elements, and there are two possible paths for
a charge transfer [via upper or lower oxygen, see Fig. 2(b)].
This peculiarity of a 90" bond leads to an exchange
Hamiltonian drastically different from that of a 180" ge-
ometry. Two transfer amplitudes via upper and lower oxy-
gen interfere in a destructive manner and the isotropic part
of the Hamiltonian exactly vanishes. The finite, anisotropic
interaction appears, however, due to the JH-multiplet struc-
ture of the excited levels. Most importantly, the very form
of the exchange interaction depends on the spatial orienta-
tion of a given bond. We label a bond ij laying in the %&
plane perpendicular to the 'ð¼ x; y; zÞ axis by a (')-bond.
With this in mind, the Hamiltonian can be written as

H ð'Þ
ij ¼ ' JS'i S

'
j ; (3)

with J ¼ 4
3#2. Remarkably, this Hamiltonian is precisely a

quantum analog of the so-called compass model. The latter,
introduced originally for the orbital degrees of freedom in
Jahn-Teller systems [5], has been the subject of numerous
studies as a prototype model with protected ground state
degeneracy of topological origin (see, e.g., Ref. [25]).
However, to our knowledge, no magnetic realization of
the compass model has been proposed so far.
Implementing the Kitaev model in Mott insulators.—The

Kitaev model is equivalent to a quantum compass model on
a honeycomb lattice [26]. It shows a number of fascinating
properties such as anyonic excitations with exotic frac-

isospin up spin up, lz=0 spin down, lz=1

+=

FIG. 1 (color online). Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition of a
spin up hole density in jxyi-orbital, lz ¼ 0 (middle), and spin
down one in ðjyzi þ ijxziÞ state, lz ¼ 1 (right).

p yxy xy

p zxz xz

180 o

(a)

p z

p z

(b)

xz yz

yz xz

o90

FIG. 2 (color online). Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The
large (small) dots stand for the transition metal (oxygen) ions.
(a) A 180"-bond formed by corner-shared octahedra, and (b) a
90"-bond formed by edge-shared octahedra.
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The Jahn-Teller effect in cuprates 
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In the case of an octahedral molecule, which in a trigonal projection looks
like two equilateral triangles, the two deformation waves traveling around
each of the latter are opposite in phase. As a result the octahedron becomes
elongated (or compressed) alternatively along one of the three fourfold axes
and simultaneously compressed (or elongated) along the remaining two axes
(Fig. 3.7). For more on trajectories in different JT problems see in [3.8].
When the quadratic terms of the vibronic interaction are taken into account,

the lowest sheet of the APES has three minima, at each of which the octa-
hedron is elongated (or compressed) along one of the three axes of order four
(Fig. 3.4 ). The nuclear motions along the APES surface when allowing for
quantum effects are likewise hindered rotations and tunneling transitions between
the minima. Starting with the configuration in one of these minima, the JT
dynamics in this casemay be presented, byway of illustration, as ‘‘pulse’’ motions,
(or ‘‘fluctuations’’) along the three axes, which are discussed in Chapter 5.
As indicated earlier, since [E!E ]¼A1 þE, the totally symmetric displace-

ments of A1 type are also JT active in the twofold degenerate E state (as in all

(c)

ε

(b) (d)

(a)

120°
EJT

Qθ

Qε

Fig. 3.7. Distortions of an octahedral system ML6 at different points along
the bottom of the trough of the ‘‘Mexican hat’’ in the linear E$ e problem.
At the points !¼ 0, 2p/3, and 4 p/3 the octahedron is tetragonally distorted
along the three fourfold axes, respectively (a)–(c). In between these points the
configuration has D2h symmetry (d) and varies continuously from one
tetragonal configuration to another.

58 3 Formulation of Jahn–Teller problems

Anharmonic effects or exchange interaction  
typically chose elongated octahedra

Q3

Q2

E



Spin-orbit coupling may suppress the Jahn-Teller effect!

S.S., D. Khomskii Phys.-Usp. 60, 1121 (2017)E. Plotnikova et al., PRL 116, 106401 (2016)
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for the symmetry of the intersite interactions. Namely, the
very form of the exchange Hamiltonian depends on bond
geometry through a density profile of Kramers states, as we
demonstrate below.

Exchange couplings of neighboring Kramers states.—
We consider the limit of the strong spin-orbit coupling, i.e.,
when ! is larger than exchange interaction between the
isospins. The exchange Hamiltonians for isospins are then
obtained by projecting the corresponding superexchange
spin-orbital models onto the isospin states Eq. (1). First, we
present the results for the case of cubic symmetry (! ¼ 0,
sin"¼ 1=

ffiffiffi
3

p
), and discuss later the effects of a tetragonal

distortion. We consider two common cases of TM-O-TM
bond geometries: (A) a 180"-bond formed by corner-
shared octahedra as in Fig. 2(a), and (B) a 90"-bond
formed by edge-shared ones, Fig. 2(b).

(A) A 180" bond: For this geometry, the nearest-
neighbor t2ghopping matrix is diagonal in the orbital space
and, on a given bond, only two orbitals are active, e.g., jxyi
and jxzi orbitals along a bond in x-direction [Fig. 2(a)].
The spin-orbital exchange Hamiltonian for such a system
has already been reported: see Eq. (3.11) in Ref. [12]. After
projecting it onto the ground state doublet, we find an
exchange Hamiltonian for isospins in a form of

Heisenberg plus a pseudodipolar interaction,

H ij ¼ J1 ~Si # ~Sj þ J2ð ~Si # ~rijÞð~rij # ~SjÞ; (2)

where ~Si is theS¼ 1=2 operator for isospins (referred to as
simply spins from now on), ~rij is the unit vector along the
ij bond, and J1ð2Þ ¼ 4

9#1ð2Þ. Hereafter, we use the energy
scale 4t2=U where t is a dd-transfer integral through an
intermediate oxygen, and U stands for the Coulomb re-
pulsion on the same orbitals. The parameters #1ð2Þ control-
ling isotropic (anisotropic) couplings are given by
#1 ¼ ð3r1 þ r2 þ 2r3Þ=6 and #2 ¼ ðr1 ' r2Þ=4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio $ ¼ JH=U of
Hund’s coupling and U [24]. At small $, one has #1 ’ 1
and #2 ’ $=2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolarlike anisotropy term.
While the overall form of Eq. (2) could be anticipated
from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO coupling,
the magnetic degrees are governed by a nearly Heisenberg
model just like in the case of small !, and, surprisingly
enough, its anisotropy is entirely due to the Hund’s cou-
pling. This is opposite to a conventional situation: typi-
cally, the anisotropy corrections are obtained in powers of
! while the Hund’s coupling is not essential.
(B) A 90" bond: There are again only two orbitals active

on a given bond, e.g., jxzi and jyzi orbitals along a bond in
the xy-plane. However, the hopping matrix has now only
nondiagonal elements, and there are two possible paths for
a charge transfer [via upper or lower oxygen, see Fig. 2(b)].
This peculiarity of a 90" bond leads to an exchange
Hamiltonian drastically different from that of a 180" ge-
ometry. Two transfer amplitudes via upper and lower oxy-
gen interfere in a destructive manner and the isotropic part
of the Hamiltonian exactly vanishes. The finite, anisotropic
interaction appears, however, due to the JH-multiplet struc-
ture of the excited levels. Most importantly, the very form
of the exchange interaction depends on the spatial orienta-
tion of a given bond. We label a bond ij laying in the %&
plane perpendicular to the 'ð¼ x; y; zÞ axis by a (')-bond.
With this in mind, the Hamiltonian can be written as

H ð'Þ
ij ¼ ' JS'i S

'
j ; (3)

with J ¼ 4
3#2. Remarkably, this Hamiltonian is precisely a

quantum analog of the so-called compass model. The latter,
introduced originally for the orbital degrees of freedom in
Jahn-Teller systems [5], has been the subject of numerous
studies as a prototype model with protected ground state
degeneracy of topological origin (see, e.g., Ref. [25]).
However, to our knowledge, no magnetic realization of
the compass model has been proposed so far.
Implementing the Kitaev model in Mott insulators.—The

Kitaev model is equivalent to a quantum compass model on
a honeycomb lattice [26]. It shows a number of fascinating
properties such as anyonic excitations with exotic frac-

isospin up spin up, lz=0 spin down, lz=1

+=

FIG. 1 (color online). Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition of a
spin up hole density in jxyi-orbital, lz ¼ 0 (middle), and spin
down one in ðjyzi þ ijxziÞ state, lz ¼ 1 (right).

p yxy xy

p zxz xz

180 o

(a)

p z

p z

(b)

xz yz

yz xz

o90

FIG. 2 (color online). Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The
large (small) dots stand for the transition metal (oxygen) ions.
(a) A 180"-bond formed by corner-shared octahedra, and (b) a
90"-bond formed by edge-shared octahedra.

PRL 102, 017205 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

9 JANUARY 2009

017205-2

jeff = 1/2

jeff = 3/2
−λ /2

λ

The Jahn-Teller effect for t2g 
(            problem)T ⊗ e



How the Jahn-Teller distortions evolve  
with     for     ?λ t5

2g



!10

DFT

So, what about jeff =1/2 states?  
Do we see them in DFT?

Structure: Experimental non-distorted Fd-3m

DFT+SOC+Hartree-Fock (U~5 eV)

In CuAl2O4 single hole resides jeff =1/2 state!

S. A. NIKOLAEV et al. PHYSICAL REVIEW B 98, 201106(R) (2018)

FIG. 1. (a) Crystal structure of CuAl2O4 (generated by VESTA [20]). (b) Nearest- and next-nearest neighbors on the diamond lattice with
two fcc sublattices Cu I and Cu II. (c) Density of states of CuAl2O4 in LDA with and without SO coupling. (d) Partial densities of eg and t2g

(j = 1/2 and 3/2) states in the Hartree-Fock approximation for the ferromagnetic solution of the model (1). The Fermi level is at zero energy.

responses may be realized in antiferromagnets on the diamond
lattice with SO coupling [18].

Among many Cu spinels, the most interesting candidate for
studying anisotropic compass interactions is CuAl2O4. (i) It
remains cubic in a whole temperature range [19]. Although
SO coupling in CuAl2O4 is about five times weaker than
in iridates, it is solely responsible for the atomic t2g level
splitting. (ii) While the Curie-Weiss temperature of CuAl2O4
is −137 K, the magnetic long-range order does not emerge
down to 0.4 K, suggesting high magnetic frustration. Thus,
the issue of exchange anisotropy and its role in relieving
magnetic frustration seems to be very important in the physics
of CuAl2O4.

In this Rapid Communication we propose CuAl2O4 to be
a SO Mott insulator with a single unoccupied j = 1/2 state.
Using the state of-the-art first-principles Wannier functions
technique, we derive the corresponding pseudospin model
and find a strong competition between nn and nnn isotropic
exchange interactions, common to the entire family of A-
site spinels, which tends to suppress a long-range magnetic
order [13]. However, we also reveal exceptionally strong DM
interactions that lift the degeneracy of the magnetic ground
state stabilizing a single-q spiral state. The appearance of
anisotropic exchange is well expected in spinels with the
Fd3̄m space group, and here we consider this possibility
and the effect of DM interactions in regard to the magnetic
properties in spinel compounds.

Electronic model. We adopt the experimental structure at
T = 40 K [19]. The primitive cell contains two Cu sites,
which form a diamond lattice with two interpenetrating face-
centered-cubic (fcc) sublattices I and II shifted relative to

each other by one quarter along the cube diagonal (Fig. 1).
Importantly, the two sublattices can be transformed into one
another under inversion symmetry, which in turn is absent in
each sublattice, thus allowing for antisymmetric effects.

First-principles calculations were carried out by using
the norm-conserving pseudopotentials within local density
approximation (LDA) as implemented in the QUANTUM
ESPRESSO package [21]. Unlike many other cuprates, falling
into the charge-transfer regime [22], the electronic structure of
CuAl2O4 reveals well-isolated Cu 3d bands [Fig. 1(c)] [23].
The reason is that a strong O-Al hybridization pushes the
bonding O 2p states away from the Fermi level and reduces
the Cu 3d bandwidth. In addition, the Cu-O hybridization
itself is weaker in the tetrahedral environment (compared to
the octahedral one).

As a starting point, we construct the effective model in the
Wannier basis for the Cu 3dbands [24],

Ĥ =
!

ij

!

σσ ′

!

ab

"
tab
ij δσσ ′ + !abσσ ′

i δij

#
ĉ
†
iaσ ĉjbσ ′

+ 1
2

!

i

!

σσ ′

!

abcd

Uabcd
i ĉ

†
iaσ ĉ

†
icσ ′ ĉibσ ĉidσ ′ , (1)

where ĉ
†
iaσ is the creation operator of an electron with spin

σ at site i and orbital a. We consider two types of such
models constructed for the minimal set of t2g bands and in
the full 3d basis. t̂ in Eq. (1) are the hopping parameters,
!̂ is the matrix of the SO interaction (which also includes
10Dq splitting of −0.82 eV for the full 3dmodel), and Uabcd

i

are the screened Coulomb interactions calculated within the
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FIG. 2.

Global minima corresponds to  
undistorted crystal structure 

Studying CuAl2O4 with the DFT+U+SOC

Total energy profile    GGA+U+SOC

spectra and values of the lattice constant, cohesive energy
and elastic moduli. We have therefore demonstrated that a
detailed simulation of energy loss spectra can provide useful
information about bonding in transition metal oxides and that
the structure of these spectra can be related to the ground
state properties of the material.

II. LSDA1U FUNCTIONAL AND THE TOTAL ENERGY

The main feature distinguishing transition metal oxides
from more conventional oxides like MgO or TiO2 is that in
the former case ions of metal contain partly filled d shells.
Since the strength of the effective on-site Coulomb interac-
tion between d electrons ~characterized by the Hubbard U) is
comparable with the valence bandwidth,6 the processes asso-
ciated with electron transfer between two metal ions or re-
sulting from addition or removal of d electrons give rise to
large fluctuations of the energy of the system, leading to the
localization of carriers and to the formation of band gaps.17
The method which is commonly used to estimate the size

of the band gap in the spectrum of one-electron excitations
of the Hubbard model, with one s state per site, is based on
the UHF approximation.18 The term describing on-site repul-
sion between electrons, Un̂sn̂2s , is approximated by
Un̂sn2s , where n̂s5 âs

† âs is the operator for the number of
electrons occupying a particular site and ns is its expectation
value. The UHF ground state of the three-dimensional simple
cubic Hubbard model is antiferromagnetic and insulating, the
magnetic planes being parallel to the ~111! plane.18
At a more realistic level, to describe 3d electrons local-

ized on nickel sites in NiO we take into account the orbital
degeneracy of the 3d shell and use a model Hamiltonian of
the form20

Ĥ5
Ū
2 (
m ,m8,s

n̂m ,sn̂m8,2s1
~Ū2 J̄ !

2 (
mfim8,s

n̂m ,sn̂m8,s ,

~1!

where the summation is performed over projections of the
orbital momentum (m ,m8522,21, . . . ,2 in the case of d
electrons! and Ū and J̄ are the spherically averaged matrix
elements of the screened Coulomb electron-electron interac-
tion. For an integer number of d electrons the expectation
value of Ĥ equals14

^integer NsuĤuinteger Ns&5
Ū
2(s NsN2s

1
~Ū2 J̄ !

2 (
s
Ns~Ns21 !,

~2!

where Ns is the total number of d electrons with a given
projection of spin s . For a noninteger occupation number,
corresponding to an ion embedded in a larger system with
which it can exchange electrons, the expectation value of Ĥ
is given by the UHF expression

^noninteger NsuĤunoninteger Ns&UHF

5
Ū
2 (

s ,m ,m8
nm ,snm8,2s1

~Ū2 J̄ !

2 (
s ,mfim8

nm ,snm8,s ,

~3!
where nm ,s is the occupation number of the mth d state.
Since for a localized shell it is the total number of electrons
which enters the proof of the Hohenberg-Kohn theorem for a
slowly varying external field,19 we follow Refs. 13–15 and
conjecture that Eq. ~2! represents the correct form of the
density functional for the Hamiltonian of the form ~1!. Sub-
tracting Eq. ~2! from Eq. ~3!, we arrive at the LSDA1U
functional

ELSDA1U5ELSDA1
~Ū2 J̄ !

2 (
s

~nm ,s2nm ,s
2 !, ~4!

where we expressed the total number of electrons, Ns , as
Ns5(mnm ,s . It is a simple matter to see how Eq. ~4! can be
written in a form which is invariant with respect to a unitary
transformation of orbitals. Indeed, by noticing that the re-
quired matrix construction should be diagonal in the spheri-
cal harmonics representation, we arrive at

ELSDA1U5ELSDA1
~Ū2 J̄ !

2 (
s

@Trrs2Tr~rsrs!#

5ELSDA1
~Ū2 J̄ !

2 (
s

F S (
j

r j j
s D

2S (
j ,l

r j l
s r l j

s D G , ~5!

and where r j l
s is the density matrix of d electrons. For an

individual ion this density matrix is diagonal in the m ,m8
representation and its eigenvalues equal nm ,s . Equation ~5!
bridges the orbital-dependent formulation by Anisimov et al.
@see Eq. ~13! from Ref. 21# with the rotationally invariant
functional proposed by Liechtenstein et al. @see Eq. ~3! from
Ref. 15#, retaining the simplicity of the first and the covariant
character of the second. Since Eqs. ~3! and ~2! compensate
each other exactly in the limit of integer occupation numbers,
the second term on the right-hand side of Eq. ~5! vanishes in
that limit and this makes Eq. ~5! suitable for evaluating the
cohesive energy of the solid.
The matrix of the one-electron potential is given by the

derivative of Eq. ~5! with respect to r l j
s ,

V jl
s [

dELSDA1U

dr l j
s

5
dELSDA

dr l j
s

1~Ū2 J̄ !F12 d j l2r j l
s G , ~6!

and the total energy is expressed in terms of the Kohn-Sham
eigenvalues $e i% as

ELSDA1U5ELSDA@$e i%#1
~Ū2 J̄ !

2 (
l , j ,s

r l j
s r j l

s , ~7!

where the last term represents the double counting
correction.2 Below we apply Eqs. ~6! and ~7! to calculate the
spectrum of one-electron excitations and the structural stabil-
ity of nickel oxide.
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Experimental evidences of jeff =1/2 in CuAl2O4

1. Experimentally the crystals are cubic; 

2. μeff = 2.29μB is very close to what we have in RuCl3 (                      ); μeff = 2.20μB

3. X-ray absorption spectroscopy (L2,3 edge): CuAl2O4
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Spin-orbit coupling vs. Jahn-Teller: 
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• Massive ground state degeneracy; 
• Spiral spin-liquid regime at T > TC;
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q  = 2   (1/4,0,0)π

Figure 1 Spin–spiral state on the diamond lattice. The diamond lattice,
composed of two interpenetrating f.c.c. sublattices (coloured orange and green).
Second-neighbour antiferromagnetic exchange, J2, generates strong frustration,
which the competition from J1 can significantly enhance. For J2/J1 > 1/8, this
results in a large ground-state degeneracy consisting of spin spirals whose
propagation wavevectors lie on a two-dimensional surface in momentum space. The
blue arrows above denote the orientations of spins in the shaded planes for one such
spiral with wavevector q = 2π (1/4,0,0), shown for ferromagnetic J1 for clarity.

among these degenerate spirals. Although the small corrections
(which we describe) inevitably determine specific ground states
at the lowest temperatures, entropy washes these out at higher
temperatures, allowing the spiral spin-liquid and/or order-by-
disorder physics inherent to the parent hamiltonian to become
visible. This energy–entropy competition is thus manifest as an
interesting multistage ordering behaviour.

Superficially, the strong frustration inherent in materials such
as MnSc2S4 seems rather puzzling. Indeed, the diamond lattice is
bipartite, and accordingly a model with only nearest-neighbour
spin coupling, J1, whether ferromagnetic or antiferromagnetic,
exhibits no frustration. Additional interactions must therefore be
incorporated to account for the observed frustration. We first
consider the simplest modification that achieves this, and assume a
hamiltonian with additional second-neighbour antiferromagnetic
exchange, J2:

H = J1

!

⟨ij⟩
Si ·Sj + J2

!

⟨⟨ij⟩⟩
Si ·Sj . (1)

Here, the spins Si are modelled as classical three-component
unit vectors (absorbing a factor of S(S + 1) into the definition
of Ji), appropriate to the large spin values (S = 3/2,5/2) for
these materials. Throughout, we set the lattice constant a = 1
and consider J2 > 0 appropriate for antiferromagnetic exchange.
Although the sign of J1 can always be changed by sending Si →−Si

on one of the two diamond sublattices, for ease of discussion we
will assume antiferromagnetic J1 > 0 unless specified otherwise.
Additional interactions such as further-neighbour exchange may
also be present, but will be assumed small and returned to
only at the end of the paper. As we will see, the parent
hamiltonian, equation (1), leads to a rich theoretical picture, which
we argue captures the essential physics operating in these strongly
frustrated materials.

To appreciate the frustration in H , it is convenient to view
the diamond lattice as being composed of two interpenetrating

f.c.c. sublattices (coloured orange and green in Fig. 1). From
this perspective, J1 couples the two f.c.c. sublattices, whereas
J2 couples nearest-neighbours within each f.c.c. sublattice. The
f.c.c. antiferromagnet is known to be highly frustrated20, in
the sense that it has a rather large frustration parameter,
f ≈ 8 (refs 14,21–23), and hence J2 generates strong frustration,
which the competition from J1 can significantly enhance.
Furthermore, although further-neighbour exchanges are typically
assumed to be weak, the complexity of exchange paths in
such materials19,24,25 suggests that J1 and J2 may indeed have
comparable strengths.

We begin by discussing the zero-temperature properties of
equation (1). Using the Luttinger–Tisza method26–29, exact ground
states can be obtained for arbitrary J2/J1. The derivation is shown
in Supplementary Information, Section I A. In the weakly frustrated
limit with 0 ≤ J2/J1 ≤ 1/8, the ground state is the Néel phase,
with each spin anti-aligned with those of its nearest neighbours.
For larger J2, the simple Néel phase is supplanted by a massively
degenerate set of coplanar spin spirals. As shown schematically
in Fig. 1, each spiral ground state is characterized by a single
wavevector, q, lying on a two-dimensional ‘spiral surface’. This
surface possesses a nearly spherical geometry for coupling strengths
1/8 < J2/J1 < 1/4, and exhibits an open topology for J2/J1 > 1/4
where it develops ‘holes’ centred around the (111) directions (see
Fig. 2). In the limit J2/J1 → ∞, the surface collapses into one-
dimensional lines, which are known to characterize the ground
states of the nearest-neighbour-coupled f.c.c. antiferromagnet20.
Other systems such as the rhombohedral antiferromagnet of
refs 10,30 also exhibit degenerate spirals characterized by lines
in momentum space. Our model, with a spiral surface, provides
an interesting intermediate case between these examples and the
more highly frustrated pyrochlore antiferromagnet. Whether this
degeneracy is severe enough to suppress long-range order down to
zero temperature, as in the pyrochlore model, will be determined
by our analysis that follows.

At small but non-zero temperature, we must consider both
the local stability and the global selection amongst these ground
states. The stability issue is quite delicate, as at T = 0 the spins
can smoothly distort from one ground state to any other at no
energy cost. More formally, for any ground state at T = 0 there
is a fluctuation stiffness, κ0(q), that has an infinite number of
zeros, vanishing for any q on the spiral surface. The spin-wave
frequencies for the associated branch of normal modes around
a spiral state also vanish at these momenta, and are given by
ω2

0(q) = c(q)κ0(q), where c(q) is non-vanishing for q on the
spiral surface (see the Supplementary Information). This leads
to a divergence in a naı̈ve low-temperature expansion in small
fluctuations. To illustrate, let us start from an arbitrary ground state
ordered at wavevector Q, with a corresponding spin configuration,
Si, and expand the hamiltonian in fluctuations δSi = Si − Si. To
leading order in temperature, the thermally averaged fluctuation
amplitude, by equipartition, is given by

⟨δS2
i ⟩ ∼T

"
d3q

κ0(q)
→ ∞, (2)

which diverges owing to the infinite number of zeros in κ0(q).
However, as only a finite number of these zeros, related to the
‘Goldstone modes’ in this model, are guaranteed by symmetry,
thermal fluctuations can lift the remaining ‘accidental’ zeros,
potentially stabilizing an ordered state.

This stabilization indeed occurs. Interestingly, modifications to
κ0(q) by thermal fluctuations are non-perturbative in temperature.
We therefore obtain the leading corrections for T ≪ ΘCW within
a self-consistent treatment as described in the Supplementary
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a b c

Figure 2 Spiral surfaces. a–c, ‘Spiral surfaces’ comprising the degenerate spiral ground-state wavevectors for coupling strengths J2/J1 of 0.2 (a), 0.4 (b) and 0.85 (c),
where the last value is appropriate for MnSc2S4. Order-by-disorder occurs at finite temperature, as thermal fluctuations lift the degeneracy in the free energy. The surfaces
are colour-coded according to the resulting low-temperature free energy at each wavevector, with high values being blue, low values being red, and green being the
absolute minima.

Information. Provided J1 ̸= 0, we find that for q near the spiral
surface the stiffness becomes

κT(q) = κ0(q)+T 2/3Σ (q), (3)

where Σ (q) is temperature independent and generically vanishes
only at the spiral wavevectors ±Q, which are precisely the
locations of the Goldstone modes. Thus, entropy indeed lifts the
surface degeneracy, which cures the divergence in equation (2) and
stabilizes long-range order. Nevertheless, the order is in a sense
‘unconventional’ in that anomalies in thermodynamic quantities
appear owing to the non-analytic temperature dependence in
equation (3). In particular, the classical specific heat at low
temperatures scales as

Cclassical
v (T) = A+BT1/3,

where A and B are constants. A crude quantum treatment,
obtaining the magnon spectrum, h̄ω0(q) ∼ √

κT(q), by quantizing
the classical spin-wave modes, predicts the fractional power
law, Cquantum

v (T) ∼ T7/3. This is intriguingly reminiscent of the
approximately T 2.5 behaviour observed in CoAl2O4 (ref. 18) and
related materials19.

We now address which state thermal fluctuations select.
Although the energy, E, associated with each wavevector on the
spiral surface is identical, their entropy, S, and hence free energy,
F = E −TS, generally differ. Typically, entropy favours states with
the highest density of nearby low-energy excitations. To compute
the free energy at low temperatures, it suffices to retain terms in
the hamiltonian that are quadratic in fluctuations about a state
ordered at wavevector Q. The free energy can then be computed
numerically for each Q on the surface. The results for select J2/J1

are shown in Fig. 2, where the surface is coloured according to
the magnitude of the free energy (blue is high, red is low and the
global minima are green). As indicated in Fig. 3, the free-energy
minima occur at the following locations as J2/J1 varies: (1) along
the (q,q,q) directions for 1/8 < J2/J1 ≤ 1/4 as in Fig. 2a; (2) at
the six wavevectors shown in Fig. 2b located around each ‘hole’ in
the surface for 1/4 < J2/J1 ∼< 1/2; (3) along the (q,q,0) directions
when 1/2 ∼< J2/J1 ∼< 2/3; and (4) at four points centred around each
(q,0,0) direction as in Fig. 2c for larger J2. Eventually the latter
points converge precisely onto the (q,0,0) directions, where the
nearest-neighbour f.c.c. antiferromagnet is known to order14.

Next, we turn to the evolution with increasing temperature, for
which we rely on extensive Monte Carlo simulations and analytic

Néel 111 111* 110 100*
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Figure 3 Phase diagram. Numerical results for the ordering temperature, Tc,
versus the coupling strength, J2/J1, for systems with up to N= 8× L3 = 4,096
spins. The ordering temperature rapidly diminishes in the Néel phase on adding J2,
and remains finite for J2/J1 > 1/8 where the spiral surface occurs in agreement
with our order-by-disorder analysis. The entropically selected ordering at low
temperatures is shown along the horizontal axis; 111∗ and 100∗ refer respectively to
the green points in Fig. 2b and c. The ‘bumpy’ modulations in Tc originate from an
unusual finite size effect, namely variations in the number of momenta in the
Brillouin zone that for the finite system approximate the spiral surface.

arguments. As we introduce frustration via J2, it is natural to
expect a sharply reduced transition temperature, Tc, relative to
ΘCW, and this is indeed borne out in our simulations. Figure 3
shows Tc/J1 versus J2/J1 computed numerically for systems with up
to N = 4,096 = 8×83 spins. In the Néel phase, a sharp decrease in
Tc is evident on increasing J2. As an interesting aside, for J2/J1 just
above 1/8 two ordering transitions appear below the paramagnetic
phase. This occurs due to thermal stabilization of the Néel phase
slightly beyond the value of J2/J1 = 1/8; the re-entrant Néel order
appears below the dashed black line in Fig. 3. More interestingly,
Tc clearly remains non-zero for J2/J1 > 1/8, in agreement with the
preceding order-by-disorder analysis. Throughout this region, the
transition is strongly first order.

Owing to the strong suppression of Tc when J2/J1 > 1/8, we can
explore a broad range of the spin-liquid regime in the paramagnetic
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Figure 4 Spiral surface measured fromMonte Carlo simulation. Regions of high
intensity in the magnetic structure factor in the paramagnetic phase just above Tc.
The data were obtained numerically for a system with N= 8×123 = 13,824 spins
at coupling strength J2/J1 = 0.85 appropriate for MnSc2S4. As demonstrated by
the remarkable similarity to Fig. 2c, the structure factor not only clearly reveals the
underlying spiral surface, but also reflects the entropic corrections to the free energy
along the surface.

state above Tc and below |ΘCW|. Interestingly, the spiral surface, as
well as entropic free-energy corrections, can be directly probed via
the spin structure factor. This is illustrated in Fig. 4, which shows
the structure factor, SAA(q), corresponding to spin correlations
on one of the two f.c.c. sublattices. (Experimentally, SAA(q) can
be obtained from the full structure factor as described in the
Supplementary Information.) The data correspond to N = 13,824
spins with J2/J1 = 0.85, relevant for MnSc2S4 as discussed below,
at a temperature just above Tc. Here, we plot only momenta
contributing the highest 44% intensity (blue points have lower
intensity, red higher and green corresponds to the maxima); the
similarity to Fig. 2c is rather striking. The free-energy splitting
manifest here persists up to T ≈ 1.3Tc, whereas the surface itself
remains discernible out to T ≈ 3Tc (see Fig. 5). The spiral ground
states evidently dominate the physics for Tc ∼< T ∼< 3Tc, so that this
regime can be appropriately characterized as a ‘spiral spin-liquid’.

To quantify the behaviour in this regime analytically, we
calculated the structure factor within the ‘spherical’ approximation,
in which the unit-magnitude constraint on each spin is relaxed to!

i |Si|2 = N . The classical spin liquids in Kagomé31 and pyrochlore3

antiferromagnets are known to be well described by this scheme.
Here, we find that the structure factor is similarly peaked on the
spiral surface, with a width ξ−1 ∼ kBT (where kB is Boltzmann’s
constant) that agrees quantitatively with the fitted value from
numerics. Moreover, the complete three-dimensional structure
factor data collapse onto a (known) one-dimensional curve when
plotted versus the variable

Λ(q) = 2

"
cos2

qx

4
cos2

qy

4
cos2

qz

4
+ sin2 qx

4
sin2 qy

4
sin2 qz

4
.

Monte Carlo data
Analytical fit

0

0.2

0.4

0.6
0

0.25

0.50

0.75

0

0.5

1.0

1.5

(q)
0 0.5 1.0 1.5 2.0

SA
A
(q

) (
ar

b.
 u

ni
ts

)

T = 0.24J1

T = 0.43J1

T = 0.70J1

Λ

Figure 5 Correlation function of the spiral spin-liquid. Structure factor data,
S AA (q), versus Λ(q) in the paramagnetic phase with J2/J1 = 0.85, for which
Tc ≈ 0.22J1. Essentially for all T > Tc, the numerical data agree quantitatively with
the spherical-model predictions, with one fitting parameter corresponding to an
overall scaling factor. The peaks in the upper two panels correspond to points near
the spiral surface, which remains discernible up to T≈ 3Tc.

As shown in Fig. 5 for J2/J1 = 0.85, the numerical data conform
well to this prediction, essentially throughout the paramagnetic
phase except very near Tc where thermal fluctuations dramatically
split the free energy along the surface. Note that the red analytical
curves contain only a single fitting parameter, corresponding to an
unimportant overall scaling.

Finally, we discuss implications for experiments, focusing
on the well-characterized material MnSc2S4. Below TN 1 = 2.3 K,
experiments observe long-range spiral order with wavevector
Qexp ≈ 2π(3/4,3/4,0), coexisting with pronounced correlations
with wavevector magnitude Q diff ≈ 2π that persist to well above
TN 1 (refs 25,32). A second transition occurs at TN 2 = 1.9 K, below
which the latter correlations are greatly suppressed. Assuming
Qexp lies near the spiral surface, we estimate that J2/J1 ≈ 0.85 for
this material. By comparing the structure of the spiral ground
state ordered at Qexp with the experimentally determined spin
structure25, we further deduce that J1 must be ferromagnetic (that
is, J1 < 0) in MnSc2S4. We can then extract the magnitudes of the
exchange constants from the measured Curie–Weiss temperature,
ΘCW ≈ −22.1 K; we obtain J1 ≈ −10.5 K and J2 ≈ 8.75 K.
According to the numerical results of Fig. 3, the predicted ordering
temperature for these parameters is Tc ≈ 2.4 K.

Obtaining a detailed comparison to the low-temperature
experimental order requires perturbing our parent hamiltonian.
Quite generally, these corrections inevitably overwhelm the
entropic free-energy splittings discussed above at sufficiently low
temperature, as the splittings vanish as T → 0. Fortunately, the
simplest correction—a small antiferromagnetic third-neighbour
exchange, J3—favours the observed (q,q,0) spiral direction. The
close proximity of the calculated Tc for J3 = 0 to the experimental
TN 1 suggests that J3 should indeed be small. For sufficiently
small J3, the entropic splittings will outweigh this energetic
correction at higher temperatures, giving way to an intermediate
phase with long-range spiral order along the entropically favoured
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Figure 1 Spin–spiral state on the diamond lattice. The diamond lattice,
composed of two interpenetrating f.c.c. sublattices (coloured orange and green).
Second-neighbour antiferromagnetic exchange, J2, generates strong frustration,
which the competition from J1 can significantly enhance. For J2/J1 > 1/8, this
results in a large ground-state degeneracy consisting of spin spirals whose
propagation wavevectors lie on a two-dimensional surface in momentum space. The
blue arrows above denote the orientations of spins in the shaded planes for one such
spiral with wavevector q = 2π (1/4,0,0), shown for ferromagnetic J1 for clarity.

among these degenerate spirals. Although the small corrections
(which we describe) inevitably determine specific ground states
at the lowest temperatures, entropy washes these out at higher
temperatures, allowing the spiral spin-liquid and/or order-by-
disorder physics inherent to the parent hamiltonian to become
visible. This energy–entropy competition is thus manifest as an
interesting multistage ordering behaviour.

Superficially, the strong frustration inherent in materials such
as MnSc2S4 seems rather puzzling. Indeed, the diamond lattice is
bipartite, and accordingly a model with only nearest-neighbour
spin coupling, J1, whether ferromagnetic or antiferromagnetic,
exhibits no frustration. Additional interactions must therefore be
incorporated to account for the observed frustration. We first
consider the simplest modification that achieves this, and assume a
hamiltonian with additional second-neighbour antiferromagnetic
exchange, J2:

H = J1

!

⟨ij⟩
Si ·Sj + J2

!

⟨⟨ij⟩⟩
Si ·Sj . (1)

Here, the spins Si are modelled as classical three-component
unit vectors (absorbing a factor of S(S + 1) into the definition
of Ji), appropriate to the large spin values (S = 3/2,5/2) for
these materials. Throughout, we set the lattice constant a = 1
and consider J2 > 0 appropriate for antiferromagnetic exchange.
Although the sign of J1 can always be changed by sending Si →−Si

on one of the two diamond sublattices, for ease of discussion we
will assume antiferromagnetic J1 > 0 unless specified otherwise.
Additional interactions such as further-neighbour exchange may
also be present, but will be assumed small and returned to
only at the end of the paper. As we will see, the parent
hamiltonian, equation (1), leads to a rich theoretical picture, which
we argue captures the essential physics operating in these strongly
frustrated materials.

To appreciate the frustration in H , it is convenient to view
the diamond lattice as being composed of two interpenetrating

f.c.c. sublattices (coloured orange and green in Fig. 1). From
this perspective, J1 couples the two f.c.c. sublattices, whereas
J2 couples nearest-neighbours within each f.c.c. sublattice. The
f.c.c. antiferromagnet is known to be highly frustrated20, in
the sense that it has a rather large frustration parameter,
f ≈ 8 (refs 14,21–23), and hence J2 generates strong frustration,
which the competition from J1 can significantly enhance.
Furthermore, although further-neighbour exchanges are typically
assumed to be weak, the complexity of exchange paths in
such materials19,24,25 suggests that J1 and J2 may indeed have
comparable strengths.

We begin by discussing the zero-temperature properties of
equation (1). Using the Luttinger–Tisza method26–29, exact ground
states can be obtained for arbitrary J2/J1. The derivation is shown
in Supplementary Information, Section I A. In the weakly frustrated
limit with 0 ≤ J2/J1 ≤ 1/8, the ground state is the Néel phase,
with each spin anti-aligned with those of its nearest neighbours.
For larger J2, the simple Néel phase is supplanted by a massively
degenerate set of coplanar spin spirals. As shown schematically
in Fig. 1, each spiral ground state is characterized by a single
wavevector, q, lying on a two-dimensional ‘spiral surface’. This
surface possesses a nearly spherical geometry for coupling strengths
1/8 < J2/J1 < 1/4, and exhibits an open topology for J2/J1 > 1/4
where it develops ‘holes’ centred around the (111) directions (see
Fig. 2). In the limit J2/J1 → ∞, the surface collapses into one-
dimensional lines, which are known to characterize the ground
states of the nearest-neighbour-coupled f.c.c. antiferromagnet20.
Other systems such as the rhombohedral antiferromagnet of
refs 10,30 also exhibit degenerate spirals characterized by lines
in momentum space. Our model, with a spiral surface, provides
an interesting intermediate case between these examples and the
more highly frustrated pyrochlore antiferromagnet. Whether this
degeneracy is severe enough to suppress long-range order down to
zero temperature, as in the pyrochlore model, will be determined
by our analysis that follows.

At small but non-zero temperature, we must consider both
the local stability and the global selection amongst these ground
states. The stability issue is quite delicate, as at T = 0 the spins
can smoothly distort from one ground state to any other at no
energy cost. More formally, for any ground state at T = 0 there
is a fluctuation stiffness, κ0(q), that has an infinite number of
zeros, vanishing for any q on the spiral surface. The spin-wave
frequencies for the associated branch of normal modes around
a spiral state also vanish at these momenta, and are given by
ω2

0(q) = c(q)κ0(q), where c(q) is non-vanishing for q on the
spiral surface (see the Supplementary Information). This leads
to a divergence in a naı̈ve low-temperature expansion in small
fluctuations. To illustrate, let us start from an arbitrary ground state
ordered at wavevector Q, with a corresponding spin configuration,
Si, and expand the hamiltonian in fluctuations δSi = Si − Si. To
leading order in temperature, the thermally averaged fluctuation
amplitude, by equipartition, is given by

⟨δS2
i ⟩ ∼T

"
d3q

κ0(q)
→ ∞, (2)

which diverges owing to the infinite number of zeros in κ0(q).
However, as only a finite number of these zeros, related to the
‘Goldstone modes’ in this model, are guaranteed by symmetry,
thermal fluctuations can lift the remaining ‘accidental’ zeros,
potentially stabilizing an ordered state.

This stabilization indeed occurs. Interestingly, modifications to
κ0(q) by thermal fluctuations are non-perturbative in temperature.
We therefore obtain the leading corrections for T ≪ ΘCW within
a self-consistent treatment as described in the Supplementary
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FIG. 1. a) Crystal structure of CuAl2O4 (generated by Vesta
[19]). b) Nearest and next nearest neighbors on the diamond
lattice with two fcc sublattices Cu I and Cu II. c) Density
of states of CuAl2O4 in LDA with and without SO coupling.
d) Partial densities of eg and t2g(j = 1/2 and 3/2) states in the
Hartree-Fock approximation for the ferromagnetic solution of
the model (1). The Fermi level is at zero energy.

times weaker than in iridates, it is solely responsible for
the atomic t2g level splitting. (ii) While the Curie-Weiss
temperature of CuAl2O4 is �137 K, the magnetic long-
range order does not emerge down to 0.4 K, suggesting
high magnetic frustration. Thus, the issue of exchange
anisotropy and its role in relieving magnetic frustration
seems to be very important in the physics of CuAl2O4.

In this Letter we propose CuAl2O4 to be a SO Mott
insulator with a single unoccupied j = 1/2 state. Using
state of the art first-principles Wannier functions tech-
nique, we derive the corresponding pseudospin model and
find a strong competition between nn and nnn isotropic
exchange interactions, common to all family of A-site
spinels, which tends to suppress any long-range magnetic
order [13]. However, we also reveal exceptionally strong
DM interactions that lift the degeneracy of the magnetic
ground state stabilizing a single-q spiral state. The ap-
pearance of anisotropic exchange is well expected in the
spinel Fd3̄m space group, but to the best of our knowl-
edge this possibility has never been considered before,
neither has the e↵ect of DM interactions been addressed
in regard to the magnetic properties in spinel compounds.

Electronic model. We adopt the experimental struc-
ture at T = 40 K [18]. The primitive cell contains two
Cu sites, which form a diamond lattice with two inter-
penetrating face-centered cubic (fcc) sublattices I and II
shifted relative to each other by one quarter along the
cube diagonal (Fig. 1). Importantly, the two sublattices
can be transformed into one another under inversion sym-
metry, which in turn is absent in each sublattice, thus
allowing for antisymmetric e↵ects.

First-principles calculations were carried out by us-
ing the norm-conserving pseudopotentials within local
density approximation (LDA) as implemented in the
Quantum-ESPRESSO package [20]. Unlike many other
cuprates, falling into the charge-transfer regime [21], the
electronic structure of CuAl2O4 reveals well isolated Cu
3d bands (Fig. 1c) [22]. The reason is that a strong O-
Al hybridization pushes the bonding O 2p states away
from the Fermi level and reduces the Cu 3d bandwidth.
In addition, the Cu-O hybridization itself is weaker in
the tetrahedral environment (compared to the octahe-
dral one).
As a starting point, we construct the e↵ective model

in the Wannier basis for the Cu 3d bands [23]:

Ĥ =
X

ij

X

��0

X

ab

⇣
tabij ���0 +�ab��0

i �ij
⌘
ĉ†ia� ĉjb�0

+
1

2

X

i

X

��0

X

abcd

Uabcd
i ĉ†ia� ĉ

†
ic�0 ĉib� ĉid�0 , (1)

where c†ia� is the creation operator of an electron with
spin � at site i and orbital a. We consider two types of
such models constructed for the minimal set of t2g bands
and in the full 3d basis. t̂ in Eq. (1) are the hopping
parameters, �̂ is the matrix of SO interaction (which
also includes 10Dq splitting of �0.82 eV for the full 3d
model), and Uabcd

i are the screened Coulomb interactions
calculated within constrained random phase approxima-
tion (cRPA) [24, 25]. All model parameters are given
in Supplemental Material [22]. The 3d model is more
advanced as it explicitly treats the Cu eg bands. Never-
theless, as we will see below, both models provide sim-
ilar sets of exchange parameters, when treated within
superexchange theory.

In the t2g model, t̂ can be written in a compact
form in terms of the unit vectors eji ⌘ (exji, e

y
ji, e

z
ji)

along the bonds between two Cu sites. In each sub-
lattice there are four nn centrosymmetric bonds that
connect Cu I and Cu II sites and obey the trigonal
symmetry. For the sublattice I, the unit vectors are
eji = ( 1p

3
, 1p

3
, 1p

3
), (� 1p

3
,� 1p

3
, 1p

3
), (� 1p

3
, 1p

3
,� 1p

3
),

and ( 1p
3
,� 1p

3
,� 1p

3
) (Fig. 1c), and we obtain tabij =

tnn�ab+�tnn(eajie
b
ji�

1

3
�ab), where tnn= �43 meV and

�tnn= �22 meV. For the sublattice II, we have t̂II,Iji =

t̂I,IIij .
The twelve nnn sites belong to the same sublat-

tice and are separated by the fcc lattice translations
eji = (± 1p

2
,± 1p

2
, 0), (± 1p

2
, 0,± 1p

2
), and (0,± 1p

2
,± 1p

2
)

(Fig. 1c). As they are not connected by inversion
symmetry, the corresponding transfer integrals contain
both symmetric (S) and antisymmetric (A) parts, t̂ =

t̂(S) + t̂(A). The S-part has the following form: t(S)ij
ab =

tnnn�ab + �tnnn(eajie
a
ji �

1

3
)�ab + �0tnnn(eajie

b
ji �

1

2
�ab),

where tnnn = 26 meV, �tnnn = 141 meV, and �0tnnn =

113 meV. The A-part can be expressed as t(A)ab
ij =

Cu lattice
H = ∑

ij

JijSiSj → ∑
ij

Jαβ
ij Sα

i Sβ
j

Method: DFT + superexchange theory

Um1,m2,m3,m4

• Superexchange theory for small 
hamiltonian (full d and t2g) 

• Full interaction matrix                           
calculated by cRPA (                  ) 

• DFT: Quantum Espresso 
•

Ūt2g
= 5eV
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TABLE III. Partially screened Coulomb interaction parameters (in eV) calculated for the five-orbital model of CuAl2O4. Orbital
indices are given in the order xy, yz, z2, zx, and x2 � y2.
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0

BBBBB@
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1

CCCCCA

Ummm0m0
=

0

BBBBB@

5.3975 0.7636 0.8917 0.7636 0.4275

0.7636 5.5066 0.5433 0.7608 0.7297

0.8917 0.5433 5.7536 0.5433 0.8475

0.7636 0.7608 0.5433 5.5066 0.7297

0.4275 0.7297 0.8475 0.7297 4.8093

1

CCCCCA

Umm0m0m =

0

BBBBB@

5.3975 0.7636 0.8917 0.7636 0.4275

0.7636 5.5066 0.5433 0.7608 0.7297

0.8917 0.5433 5.7536 0.5433 0.8475

0.7636 0.7608 0.5433 5.5066 0.7297

0.4275 0.7297 0.8475 0.7297 4.8093

1

CCCCCA

TABLE IV: Nearest and next-nearest neighbor exchange interactions (in meV) calculated from the five- and three-orbital

electronic models of CuAl2O4. The corresponding exchange parameters for Cu II are J
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FIG. 1. a) Crystal structure of CuAl2O4 (generated by Vesta
[19]). b) Nearest and next nearest neighbors on the diamond
lattice with two fcc sublattices Cu I and Cu II. c) Density
of states of CuAl2O4 in LDA with and without SO coupling.
d) Partial densities of eg and t2g(j = 1/2 and 3/2) states in the
Hartree-Fock approximation for the ferromagnetic solution of
the model (1). The Fermi level is at zero energy.

times weaker than in iridates, it is solely responsible for
the atomic t2g level splitting. (ii) While the Curie-Weiss
temperature of CuAl2O4 is �137 K, the magnetic long-
range order does not emerge down to 0.4 K, suggesting
high magnetic frustration. Thus, the issue of exchange
anisotropy and its role in relieving magnetic frustration
seems to be very important in the physics of CuAl2O4.

In this Letter we propose CuAl2O4 to be a SO Mott
insulator with a single unoccupied j = 1/2 state. Using
state of the art first-principles Wannier functions tech-
nique, we derive the corresponding pseudospin model and
find a strong competition between nn and nnn isotropic
exchange interactions, common to all family of A-site
spinels, which tends to suppress any long-range magnetic
order [13]. However, we also reveal exceptionally strong
DM interactions that lift the degeneracy of the magnetic
ground state stabilizing a single-q spiral state. The ap-
pearance of anisotropic exchange is well expected in the
spinel Fd3̄m space group, but to the best of our knowl-
edge this possibility has never been considered before,
neither has the e↵ect of DM interactions been addressed
in regard to the magnetic properties in spinel compounds.

Electronic model. We adopt the experimental struc-
ture at T = 40 K [18]. The primitive cell contains two
Cu sites, which form a diamond lattice with two inter-
penetrating face-centered cubic (fcc) sublattices I and II
shifted relative to each other by one quarter along the
cube diagonal (Fig. 1). Importantly, the two sublattices
can be transformed into one another under inversion sym-
metry, which in turn is absent in each sublattice, thus
allowing for antisymmetric e↵ects.

First-principles calculations were carried out by us-
ing the norm-conserving pseudopotentials within local
density approximation (LDA) as implemented in the
Quantum-ESPRESSO package [20]. Unlike many other
cuprates, falling into the charge-transfer regime [21], the
electronic structure of CuAl2O4 reveals well isolated Cu
3d bands (Fig. 1c) [22]. The reason is that a strong O-
Al hybridization pushes the bonding O 2p states away
from the Fermi level and reduces the Cu 3d bandwidth.
In addition, the Cu-O hybridization itself is weaker in
the tetrahedral environment (compared to the octahe-
dral one).
As a starting point, we construct the e↵ective model

in the Wannier basis for the Cu 3d bands [23]:

Ĥ =
X

ij

X

��0

X

ab

⇣
tabij ���0 +�ab��0

i �ij
⌘
ĉ†ia� ĉjb�0

+
1

2

X

i

X

��0

X

abcd

Uabcd
i ĉ†ia� ĉ

†
ic�0 ĉib� ĉid�0 , (1)

where c†ia� is the creation operator of an electron with
spin � at site i and orbital a. We consider two types of
such models constructed for the minimal set of t2g bands
and in the full 3d basis. t̂ in Eq. (1) are the hopping
parameters, �̂ is the matrix of SO interaction (which
also includes 10Dq splitting of �0.82 eV for the full 3d
model), and Uabcd

i are the screened Coulomb interactions
calculated within constrained random phase approxima-
tion (cRPA) [24, 25]. All model parameters are given
in Supplemental Material [22]. The 3d model is more
advanced as it explicitly treats the Cu eg bands. Never-
theless, as we will see below, both models provide sim-
ilar sets of exchange parameters, when treated within
superexchange theory.

In the t2g model, t̂ can be written in a compact
form in terms of the unit vectors eji ⌘ (exji, e

y
ji, e

z
ji)

along the bonds between two Cu sites. In each sub-
lattice there are four nn centrosymmetric bonds that
connect Cu I and Cu II sites and obey the trigonal
symmetry. For the sublattice I, the unit vectors are
eji = ( 1p

3
, 1p

3
, 1p

3
), (� 1p

3
,� 1p

3
, 1p

3
), (� 1p

3
, 1p

3
,� 1p

3
),

and ( 1p
3
,� 1p

3
,� 1p

3
) (Fig. 1c), and we obtain tabij =

tnn�ab+�tnn(eajie
b
ji�

1

3
�ab), where tnn= �43 meV and

�tnn= �22 meV. For the sublattice II, we have t̂II,Iji =

t̂I,IIij .
The twelve nnn sites belong to the same sublat-

tice and are separated by the fcc lattice translations
eji = (± 1p

2
,± 1p

2
, 0), (± 1p

2
, 0,± 1p

2
), and (0,± 1p

2
,± 1p

2
)

(Fig. 1c). As they are not connected by inversion
symmetry, the corresponding transfer integrals contain
both symmetric (S) and antisymmetric (A) parts, t̂ =

t̂(S) + t̂(A). The S-part has the following form: t(S)ij
ab =

tnnn�ab + �tnnn(eajie
a
ji �

1

3
)�ab + �0tnnn(eajie

b
ji �

1

2
�ab),

where tnnn = 26 meV, �tnnn = 141 meV, and �0tnnn =

113 meV. The A-part can be expressed as t(A)ab
ij =

Isotropic: 

Strongly anisotropic exchange!

Nearest neighbors

ΔJ = 0.2meV

Jαβ
ij = Jδαβ + ΔJ(eα

ji e
β
ji − δαβ /3)

J = 1.7meV
Anisotropic:

J(S)αβ
ij = Jδαβ + ΔJ(eα

ji e
α
ji − 1/3)δαα

Next nearest neighbors

Isotropic: 
ΔJ = 1.2meV

J = 0.5meV
Anisotropic:

DM vector: dI(II )
ij = d[nI(II ) × eji]

d = 1.1meV

H = ∑
ij

JijSiSj → ∑
ij

Jαβ
ij Sα

i Sβ
j

Cu lattice

Exchange interaction in DFT

Method: DFT + superexchange theory

Um1,m2,m3,m4

• Superexchange theory for small 
hamiltonian (full d and t2g) 

• Full interaction matrix                           
calculated by cRPA (                  ) 

• DFT: Quantum Espresso
Ūt2g

= 5eV
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respectively, where h...i stands for the Monte-Carlo aver-
aged configuration, � = 1/kBT , and V is the volume of
the supercell. The results are shown in Fig. 2a. With-
out SO coupling and for isotropic exchange interactions
with Jnnn/Jnn > 1/8, a spin-liquid state emerges with
the magnetic ground state fluctuating among degenerate
spin spirals (Fig. 2b), being in agreement with the analy-
sis by Bergman et al. [13]. In turn, anisotropic exchange
stabilizes a commensurate spiral state in each sublattice
with the q-vectors lying in the star of the W point. The
result can be understood by considering the energy of the
spiral state stabilized by DM interactions [22]. Indeed,
without loss of generality, one can take S0 k k1 and
Si = k1 cos (Ri · q)+k2 sin (Ri · q), where k1 = (0, 0, 1),
k2 = (sin�,� cos�, 0), and k3 = (cos�, sin�, 0), and q
is the propagation vector. Then, summing over all nnn
sites and using S0 ⇥ Si = k3 sin (Ri · q), we have:
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� cos
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and EII

A = �EI

A. In the qx-qy plane, the energy is
minimised to give two q-vectors, W = (⇡, 2⇡, 0) and
W0 = (2⇡,⇡, 0), corresponding to tan� = 0 and 1, re-
spectively. Thus, besides S

z(q), which appears in both
W and W0, one can expect finite S

x(q) in the W0 point
and S

y(q) in the W point, in total agreement with the
results shown in Fig. 2a. Assuming that Jnn is not oper-
ative at q = W and W0, where the total interaction with
four nn sites vanishes, weak Jnnn minimizes the spiral
energy at the same q = W and W0. These conclusions
are confirmed by the results of a more rigorous theoretical
analysis employing the Luttinger-Tisza method [29, 30],
which can be summarized as follows [22]: (i) DM inter-
actions combined with isotropic exchange alone stabilize
the spiral state propagating in each sublattice according
to one of the q-vectors from the star of the W point; (ii)
The anisotropic symmetric interactions slightly deform
the spiral structure.

The calculated specific heat is shown in Fig. 3. Ac-
cording to our results, the system undergoes a magnetic
phase transition with the critical temperature Tc ⇠ 3.2 K,
while without anisotropic exchange the corresponding Tc

is highly suppressed by magnetic frustration and a cer-
tain ordering is stabilized by thermal fluctuations due
to order-by-disorder mechanism at very low tempera-
tures [13]. Finally, to study the e↵ect of quantum fluctu-
ations, we consider the quantum counterpart of Eq. (2).

FIG. 3. a) Specific heat as obtained from classical Monte-
Carlo calculations for two models with and without symmet-
ric anisotropic exchange parameters, J(S)+J(A) and J+J(A),
respectively. b) Specific heat calculated for the classical
Jnn+Jnnn fully isotropic model. c) Specific heat obtained
from exact diagonalization for the quantum J+J(A) model
(with the 2⇥1⇥1 periodic simple cubic supercells containing
up to 16 sites). Vertical lines show the corresponding critical
temperatures, Tc.

Taking into account that the classical ground state is
stabilized at the W point, we assume that the system of
j = 1/2 pseudospins has the same periodicity and solve
the quantum model by means of exact diagonalization.
Quite expectedly, due to quantum e↵ects the obtained
Tc ⇠ 10.2 K is higher than in the classical case. Notably,
there is an unusual behavior of specific heat below Tc,
where two inflection points are observed. This character-
istic is common for A-site spinels, where the specific heat
departs from a pure T 3 power law [31], and the origin of
inflection points is related to the temperature behaviour
of magnon spectra [32].

Conclusions. Taking advantage of realistic models de-
rived from first-principles calculations, we have studied
the magnetic properties of CuAl2O4. Our results reveal
the crucial importance of bond-dependent anisotropic ex-
change interactions in the physics of Cu spinels, which
can be classified as SO Mott insulators. Thus, the range
of these materials is not necessarily limited to 5d com-
pounds, where SO coupling is large. Similar behavior
can be expected in 3d oxides with highly symmetric cubic
structures. In CuAl2O4, the anisotropic exchange inter-
actions lift the degeneracy of a spiral spin-liquid ground
state, anticipated in many A-site spinel compounds, and
stabilize a commensurate single-q spiral at Tc ⇠ 10 K.
The experimental verification of our finding requires high
quality samples. The currently available ones are charac-
terized by a high level of anti-site disorder, where up to
15% of Al atoms occupy the Cu 8a positions, triggering
the spin glass transition [18], while in order to observe a
genuine magnetic behavior of spinel compounds, the de-
gree of anti-site disorder is typically required to be less

Isotropic exchanges 

Spiral spin-liquid 
state

Full exchange matrix

Commensurate  
spin spiral kBT/Jnn = 0.4 kBT/Jnn = 0.4 kBT/Jnn = 0.4

Method: Classical Monte-Carlo
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respectively, where h...i stands for the Monte-Carlo aver-
aged configuration, � = 1/kBT , and V is the volume of
the supercell. The results are shown in Fig. 2a. With-
out SO coupling and for isotropic exchange interactions
with Jnnn/Jnn > 1/8, a spin-liquid state emerges with
the magnetic ground state fluctuating among degenerate
spin spirals (Fig. 2b), being in agreement with the analy-
sis by Bergman et al. [13]. In turn, anisotropic exchange
stabilizes a commensurate spiral state in each sublattice
with the q-vectors lying in the star of the W point. The
result can be understood by considering the energy of the
spiral state stabilized by DM interactions [22]. Indeed,
without loss of generality, one can take S0 k k1 and
Si = k1 cos (Ri · q)+k2 sin (Ri · q), where k1 = (0, 0, 1),
k2 = (sin�,� cos�, 0), and k3 = (cos�, sin�, 0), and q
is the propagation vector. Then, summing over all nnn
sites and using S0 ⇥ Si = k3 sin (Ri · q), we have:
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and EII

A = �EI

A. In the qx-qy plane, the energy is
minimised to give two q-vectors, W = (⇡, 2⇡, 0) and
W0 = (2⇡,⇡, 0), corresponding to tan� = 0 and 1, re-
spectively. Thus, besides S

z(q), which appears in both
W and W0, one can expect finite S

x(q) in the W0 point
and S

y(q) in the W point, in total agreement with the
results shown in Fig. 2a. Assuming that Jnn is not oper-
ative at q = W and W0, where the total interaction with
four nn sites vanishes, weak Jnnn minimizes the spiral
energy at the same q = W and W0. These conclusions
are confirmed by the results of a more rigorous theoretical
analysis employing the Luttinger-Tisza method [29, 30],
which can be summarized as follows [22]: (i) DM inter-
actions combined with isotropic exchange alone stabilize
the spiral state propagating in each sublattice according
to one of the q-vectors from the star of the W point; (ii)
The anisotropic symmetric interactions slightly deform
the spiral structure.

The calculated specific heat is shown in Fig. 3. Ac-
cording to our results, the system undergoes a magnetic
phase transition with the critical temperature Tc ⇠ 3.2 K,
while without anisotropic exchange the corresponding Tc

is highly suppressed by magnetic frustration and a cer-
tain ordering is stabilized by thermal fluctuations due
to order-by-disorder mechanism at very low tempera-
tures [13]. Finally, to study the e↵ect of quantum fluctu-
ations, we consider the quantum counterpart of Eq. (2).

FIG. 3. a) Specific heat as obtained from classical Monte-
Carlo calculations for two models with and without symmet-
ric anisotropic exchange parameters, J(S)+J(A) and J+J(A),
respectively. b) Specific heat calculated for the classical
Jnn+Jnnn fully isotropic model. c) Specific heat obtained
from exact diagonalization for the quantum J+J(A) model
(with the 2⇥1⇥1 periodic simple cubic supercells containing
up to 16 sites). Vertical lines show the corresponding critical
temperatures, Tc.

Taking into account that the classical ground state is
stabilized at the W point, we assume that the system of
j = 1/2 pseudospins has the same periodicity and solve
the quantum model by means of exact diagonalization.
Quite expectedly, due to quantum e↵ects the obtained
Tc ⇠ 10.2 K is higher than in the classical case. Notably,
there is an unusual behavior of specific heat below Tc,
where two inflection points are observed. This character-
istic is common for A-site spinels, where the specific heat
departs from a pure T 3 power law [31], and the origin of
inflection points is related to the temperature behaviour
of magnon spectra [32].

Conclusions. Taking advantage of realistic models de-
rived from first-principles calculations, we have studied
the magnetic properties of CuAl2O4. Our results reveal
the crucial importance of bond-dependent anisotropic ex-
change interactions in the physics of Cu spinels, which
can be classified as SO Mott insulators. Thus, the range
of these materials is not necessarily limited to 5d com-
pounds, where SO coupling is large. Similar behavior
can be expected in 3d oxides with highly symmetric cubic
structures. In CuAl2O4, the anisotropic exchange inter-
actions lift the degeneracy of a spiral spin-liquid ground
state, anticipated in many A-site spinel compounds, and
stabilize a commensurate single-q spiral at Tc ⇠ 10 K.
The experimental verification of our finding requires high
quality samples. The currently available ones are charac-
terized by a high level of anti-site disorder, where up to
15% of Al atoms occupy the Cu 8a positions, triggering
the spin glass transition [18], while in order to observe a
genuine magnetic behavior of spinel compounds, the de-
gree of anti-site disorder is typically required to be less

No anisotropic exchange  

TC ~ 0.4 K

Thermodynamics: Specific heat
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respectively, where h...i stands for the Monte-Carlo aver-
aged configuration, � = 1/kBT , and V is the volume of
the supercell. The results are shown in Fig. 2a. With-
out SO coupling and for isotropic exchange interactions
with Jnnn/Jnn > 1/8, a spin-liquid state emerges with
the magnetic ground state fluctuating among degenerate
spin spirals (Fig. 2b), being in agreement with the analy-
sis by Bergman et al. [13]. In turn, anisotropic exchange
stabilizes a commensurate spiral state in each sublattice
with the q-vectors lying in the star of the W point. The
result can be understood by considering the energy of the
spiral state stabilized by DM interactions [22]. Indeed,
without loss of generality, one can take S0 k k1 and
Si = k1 cos (Ri · q)+k2 sin (Ri · q), where k1 = (0, 0, 1),
k2 = (sin�,� cos�, 0), and k3 = (cos�, sin�, 0), and q
is the propagation vector. Then, summing over all nnn
sites and using S0 ⇥ Si = k3 sin (Ri · q), we have:
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and EII

A = �EI

A. In the qx-qy plane, the energy is
minimised to give two q-vectors, W = (⇡, 2⇡, 0) and
W0 = (2⇡,⇡, 0), corresponding to tan� = 0 and 1, re-
spectively. Thus, besides S

z(q), which appears in both
W and W0, one can expect finite S

x(q) in the W0 point
and S

y(q) in the W point, in total agreement with the
results shown in Fig. 2a. Assuming that Jnn is not oper-
ative at q = W and W0, where the total interaction with
four nn sites vanishes, weak Jnnn minimizes the spiral
energy at the same q = W and W0. These conclusions
are confirmed by the results of a more rigorous theoretical
analysis employing the Luttinger-Tisza method [29, 30],
which can be summarized as follows [22]: (i) DM inter-
actions combined with isotropic exchange alone stabilize
the spiral state propagating in each sublattice according
to one of the q-vectors from the star of the W point; (ii)
The anisotropic symmetric interactions slightly deform
the spiral structure.

The calculated specific heat is shown in Fig. 3. Ac-
cording to our results, the system undergoes a magnetic
phase transition with the critical temperature Tc ⇠ 3.2 K,
while without anisotropic exchange the corresponding Tc

is highly suppressed by magnetic frustration and a cer-
tain ordering is stabilized by thermal fluctuations due
to order-by-disorder mechanism at very low tempera-
tures [13]. Finally, to study the e↵ect of quantum fluctu-
ations, we consider the quantum counterpart of Eq. (2).

FIG. 3. a) Specific heat as obtained from classical Monte-
Carlo calculations for two models with and without symmet-
ric anisotropic exchange parameters, J(S)+J(A) and J+J(A),
respectively. b) Specific heat calculated for the classical
Jnn+Jnnn fully isotropic model. c) Specific heat obtained
from exact diagonalization for the quantum J+J(A) model
(with the 2⇥1⇥1 periodic simple cubic supercells containing
up to 16 sites). Vertical lines show the corresponding critical
temperatures, Tc.

Taking into account that the classical ground state is
stabilized at the W point, we assume that the system of
j = 1/2 pseudospins has the same periodicity and solve
the quantum model by means of exact diagonalization.
Quite expectedly, due to quantum e↵ects the obtained
Tc ⇠ 10.2 K is higher than in the classical case. Notably,
there is an unusual behavior of specific heat below Tc,
where two inflection points are observed. This character-
istic is common for A-site spinels, where the specific heat
departs from a pure T 3 power law [31], and the origin of
inflection points is related to the temperature behaviour
of magnon spectra [32].

Conclusions. Taking advantage of realistic models de-
rived from first-principles calculations, we have studied
the magnetic properties of CuAl2O4. Our results reveal
the crucial importance of bond-dependent anisotropic ex-
change interactions in the physics of Cu spinels, which
can be classified as SO Mott insulators. Thus, the range
of these materials is not necessarily limited to 5d com-
pounds, where SO coupling is large. Similar behavior
can be expected in 3d oxides with highly symmetric cubic
structures. In CuAl2O4, the anisotropic exchange inter-
actions lift the degeneracy of a spiral spin-liquid ground
state, anticipated in many A-site spinel compounds, and
stabilize a commensurate single-q spiral at Tc ⇠ 10 K.
The experimental verification of our finding requires high
quality samples. The currently available ones are charac-
terized by a high level of anti-site disorder, where up to
15% of Al atoms occupy the Cu 8a positions, triggering
the spin glass transition [18], while in order to observe a
genuine magnetic behavior of spinel compounds, the de-
gree of anti-site disorder is typically required to be less
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respectively,whereh...istandsfortheMonte-Carloaver-
agedconfiguration,�=1/kBT,andVisthevolumeof
thesupercell.TheresultsareshowninFig.2a.With-
outSOcouplingandforisotropicexchangeinteractions
withJnnn/Jnn>1/8,aspin-liquidstateemergeswith
themagneticgroundstatefluctuatingamongdegenerate
spinspirals(Fig.2b),beinginagreementwiththeanaly-
sisbyBergmanetal.[13].Inturn,anisotropicexchange
stabilizesacommensuratespiralstateineachsublattice
withtheq-vectorslyinginthestaroftheWpoint.The
resultcanbeunderstoodbyconsideringtheenergyofthe
spiralstatestabilizedbyDMinteractions[22].Indeed,
withoutlossofgenerality,onecantakeS0kk1and
Si=k1cos(Ri·q)+k2sin(Ri·q),wherek1=(0,0,1),
k2=(sin�,�cos�,0),andk3=(cos�,sin�,0),andq
isthepropagationvector.Then,summingoverallnnn
sitesandusingS0⇥Si=k3sin(Ri·q),wehave:
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andEII

A=�EI

A.Intheqx-qyplane,theenergyis
minimisedtogivetwoq-vectors,W=(⇡,2⇡,0)and
W0=(2⇡,⇡,0),correspondingtotan�=0and1,re-
spectively.Thus,besidesS

z(q),whichappearsinboth
WandW0,onecanexpectfiniteS

x(q)intheW0point
andS

y(q)intheWpoint,intotalagreementwiththe
resultsshowninFig.2a.AssumingthatJnnisnotoper-
ativeatq=WandW0,wherethetotalinteractionwith
fournnsitesvanishes,weakJnnnminimizesthespiral
energyatthesameq=WandW0.Theseconclusions
areconfirmedbytheresultsofamorerigoroustheoretical
analysisemployingtheLuttinger-Tiszamethod[29,30],
whichcanbesummarizedasfollows[22]:(i)DMinter-
actionscombinedwithisotropicexchangealonestabilize
thespiralstatepropagatingineachsublatticeaccording
tooneoftheq-vectorsfromthestaroftheWpoint;(ii)
Theanisotropicsymmetricinteractionsslightlydeform
thespiralstructure.

ThecalculatedspecificheatisshowninFig.3.Ac-
cordingtoourresults,thesystemundergoesamagnetic
phasetransitionwiththecriticaltemperatureTc⇠3.2K,
whilewithoutanisotropicexchangethecorrespondingTc

ishighlysuppressedbymagneticfrustrationandacer-
tainorderingisstabilizedbythermalfluctuationsdue
toorder-by-disordermechanismatverylowtempera-
tures[13].Finally,tostudythee↵ectofquantumfluctu-
ations,weconsiderthequantumcounterpartofEq.(2).

FIG.3.a)SpecificheatasobtainedfromclassicalMonte-
Carlocalculationsfortwomodelswithandwithoutsymmet-
ricanisotropicexchangeparameters,J(S)+J(A)andJ+J(A),
respectively.b)Specificheatcalculatedfortheclassical
Jnn+Jnnnfullyisotropicmodel.c)Specificheatobtained
fromexactdiagonalizationforthequantumJ+J(A)model
(withthe2⇥1⇥1periodicsimplecubicsupercellscontaining
upto16sites).Verticallinesshowthecorrespondingcritical
temperatures,Tc.

Takingintoaccountthattheclassicalgroundstateis
stabilizedattheWpoint,weassumethatthesystemof
j=1/2pseudospinshasthesameperiodicityandsolve
thequantummodelbymeansofexactdiagonalization.
Quiteexpectedly,duetoquantume↵ectstheobtained
Tc⇠10.2Kishigherthanintheclassicalcase.Notably,
thereisanunusualbehaviorofspecificheatbelowTc,
wheretwoinflectionpointsareobserved.Thischaracter-
isticiscommonforA-sitespinels,wherethespecificheat
departsfromapureT3powerlaw[31],andtheoriginof
inflectionpointsisrelatedtothetemperaturebehaviour
ofmagnonspectra[32].

Conclusions.Takingadvantageofrealisticmodelsde-
rivedfromfirst-principlescalculations,wehavestudied
themagneticpropertiesofCuAl2O4.Ourresultsreveal
thecrucialimportanceofbond-dependentanisotropicex-
changeinteractionsinthephysicsofCuspinels,which
canbeclassifiedasSOMottinsulators.Thus,therange
ofthesematerialsisnotnecessarilylimitedto5dcom-
pounds,whereSOcouplingislarge.Similarbehavior
canbeexpectedin3doxideswithhighlysymmetriccubic
structures.InCuAl2O4,theanisotropicexchangeinter-
actionsliftthedegeneracyofaspiralspin-liquidground
state,anticipatedinmanyA-sitespinelcompounds,and
stabilizeacommensuratesingle-qspiralatTc⇠10K.
Theexperimentalverificationofourfindingrequireshigh
qualitysamples.Thecurrentlyavailableonesarecharac-
terizedbyahighlevelofanti-sitedisorder,whereupto
15%ofAlatomsoccupytheCu8apositions,triggering
thespinglasstransition[18],whileinordertoobservea
genuinemagneticbehaviorofspinelcompounds,thede-
greeofanti-sitedisorderistypicallyrequiredtobeless

+ anisotropic exchange

TN ~ 3.2 K

Commensurate spin spiral

Anisotropic exchange restores magnetic ordering

TN ~ Tspin glass => The spin-spiral phase can be hidden by 
formation of the spin glass due to disorder



Experiment:

for the symmetry of the intersite interactions. Namely, the
very form of the exchange Hamiltonian depends on bond
geometry through a density profile of Kramers states, as we
demonstrate below.

Exchange couplings of neighboring Kramers states.—
We consider the limit of the strong spin-orbit coupling, i.e.,
when ! is larger than exchange interaction between the
isospins. The exchange Hamiltonians for isospins are then
obtained by projecting the corresponding superexchange
spin-orbital models onto the isospin states Eq. (1). First, we
present the results for the case of cubic symmetry (! ¼ 0,
sin"¼ 1=

ffiffiffi
3

p
), and discuss later the effects of a tetragonal

distortion. We consider two common cases of TM-O-TM
bond geometries: (A) a 180"-bond formed by corner-
shared octahedra as in Fig. 2(a), and (B) a 90"-bond
formed by edge-shared ones, Fig. 2(b).

(A) A 180" bond: For this geometry, the nearest-
neighbor t2ghopping matrix is diagonal in the orbital space
and, on a given bond, only two orbitals are active, e.g., jxyi
and jxzi orbitals along a bond in x-direction [Fig. 2(a)].
The spin-orbital exchange Hamiltonian for such a system
has already been reported: see Eq. (3.11) in Ref. [12]. After
projecting it onto the ground state doublet, we find an
exchange Hamiltonian for isospins in a form of

Heisenberg plus a pseudodipolar interaction,

H ij ¼ J1 ~Si # ~Sj þ J2ð ~Si # ~rijÞð~rij # ~SjÞ; (2)

where ~Si is theS¼ 1=2 operator for isospins (referred to as
simply spins from now on), ~rij is the unit vector along the
ij bond, and J1ð2Þ ¼ 4

9#1ð2Þ. Hereafter, we use the energy
scale 4t2=U where t is a dd-transfer integral through an
intermediate oxygen, and U stands for the Coulomb re-
pulsion on the same orbitals. The parameters #1ð2Þ control-
ling isotropic (anisotropic) couplings are given by
#1 ¼ ð3r1 þ r2 þ 2r3Þ=6 and #2 ¼ ðr1 ' r2Þ=4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio $ ¼ JH=U of
Hund’s coupling and U [24]. At small $, one has #1 ’ 1
and #2 ’ $=2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolarlike anisotropy term.
While the overall form of Eq. (2) could be anticipated
from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO coupling,
the magnetic degrees are governed by a nearly Heisenberg
model just like in the case of small !, and, surprisingly
enough, its anisotropy is entirely due to the Hund’s cou-
pling. This is opposite to a conventional situation: typi-
cally, the anisotropy corrections are obtained in powers of
! while the Hund’s coupling is not essential.
(B) A 90" bond: There are again only two orbitals active

on a given bond, e.g., jxzi and jyzi orbitals along a bond in
the xy-plane. However, the hopping matrix has now only
nondiagonal elements, and there are two possible paths for
a charge transfer [via upper or lower oxygen, see Fig. 2(b)].
This peculiarity of a 90" bond leads to an exchange
Hamiltonian drastically different from that of a 180" ge-
ometry. Two transfer amplitudes via upper and lower oxy-
gen interfere in a destructive manner and the isotropic part
of the Hamiltonian exactly vanishes. The finite, anisotropic
interaction appears, however, due to the JH-multiplet struc-
ture of the excited levels. Most importantly, the very form
of the exchange interaction depends on the spatial orienta-
tion of a given bond. We label a bond ij laying in the %&
plane perpendicular to the 'ð¼ x; y; zÞ axis by a (')-bond.
With this in mind, the Hamiltonian can be written as

H ð'Þ
ij ¼ ' JS'i S

'
j ; (3)

with J ¼ 4
3#2. Remarkably, this Hamiltonian is precisely a

quantum analog of the so-called compass model. The latter,
introduced originally for the orbital degrees of freedom in
Jahn-Teller systems [5], has been the subject of numerous
studies as a prototype model with protected ground state
degeneracy of topological origin (see, e.g., Ref. [25]).
However, to our knowledge, no magnetic realization of
the compass model has been proposed so far.
Implementing the Kitaev model in Mott insulators.—The

Kitaev model is equivalent to a quantum compass model on
a honeycomb lattice [26]. It shows a number of fascinating
properties such as anyonic excitations with exotic frac-

isospin up spin up, lz=0 spin down, lz=1

+=

FIG. 1 (color online). Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition of a
spin up hole density in jxyi-orbital, lz ¼ 0 (middle), and spin
down one in ðjyzi þ ijxziÞ state, lz ¼ 1 (right).
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FIG. 2 (color online). Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The
large (small) dots stand for the transition metal (oxygen) ions.
(a) A 180"-bond formed by corner-shared octahedra, and (b) a
90"-bond formed by edge-shared octahedra.
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• No long-range magnetic (spin glass at 2K instead); 
• Strong short-range spin correlations (large qCW); 
• What is role of disorder?

Theory:

• Lesson 2: Spin-orbit coupling can suppress Jahn-Teller     
                    distortions in Cu2+;

Lesson 1: jeff = 1/2 physics is relevant for 3d systems

• Lesson 3: Anisotropic exchange interaction can be very 
important in spinels!  

• It favours the spin spiral ground state in CuAl2O4;


