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Variational principle for the ground state

Given a Hamiltonian H, we want to find a good approximation to its ground

state |Ψ0〉 and ground-state energy E0. For an arbitrary state |Φ〉 we have

E[Φ] :=
〈Φ|H|Φ〉
〈Φ|Φ〉 ≥ E0 .

The inequality is an equality iff |Φ〉 is an eigenstate of H with eigenvalue E0.

Proof: Expand |Φ〉 in energy eigenstates:

|Φ〉 =
∑

n

〈Ψn|Φ〉 |Ψn〉 .

This implies

〈Φ|H|Φ〉 =
∑

n

En |〈Ψn|Φ〉|2 ≥ E0

∑

n

|〈Ψn|Φ〉|2 = E0 〈Φ|Φ〉 .
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Variational principle for finite temperatures

Bogoliubov inequality for the free energy F associated with a Hamiltonian H:

F ≤ Fm + 〈H −Hm〉m .

Here Fm is the free energy of a Hamiltonian Hm and 〈...〉m is the thermal

average with respect to Hm.

For its proof one introduces

H(λ) := Hm + λ(H −Hm)

with limits H(0) = Hm, H(1) = H, and

shows that

dF

dλ
(0) = 〈H −Hm〉m ,

d2F

dλ2
≤ 0.
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Example: BCS theory

Hred =
∑

kσ

εkc
†
kσckσ − g

Ld

∑

k,k′

′

c†
k↑c

†
−k↓c−k′↓ck′↑ .

Hm =
∑

kσ

εkc
†
kσckσ −∆0

∑

k

′

(c†
k↑c

†
−k↓ + c−k↓ck↑) .

With this form of Hm one obtains exact ground-state and free energies

(however, not the exact ground state, even not in the thermodynamic limit a).

aO. El Araby and D. B., Phys. Rev. B 89, 134521 (2014).
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Unrestricted Hartree-Fock approximation for the Hubbard model

Given the Hubbard Hamiltonian H one

introduces a mean-field Hamiltonian

H = H0 −∆0

∑

iσ

ηiσniσ ,

where ηi = 1 for ferromagnetism and

(−1)i for antiferromagnetism.

J. E. Hirsch (1985)
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Excited states

If an excited state lives in a different subspace than the ground state, there

exists again a variational principle for this state. A famous example is

Feynman’s wave function for the elementary excitations of 4He:

|ΨF 〉 = ρk|Ψ0〉 ,

where |Ψ0〉 is the exact ground state. One obtains for the excitation energy

~ωk =
〈Ψ0|ρ−k[T, ρk]|Ψ0〉
〈Ψ0|ρ−kρk|Ψ0〉

=
~
2k2

2mS(k)
,

where T is the kinetic energy and S(k) is the static structure factor. This

yields a good approximation for the phonon-roton spectrum in superfluid
4He, if one uses experimental data for S(k). The formula can also be applied

to the jellium model used for describing simple metals, where it yields an

approximation for the plasmon spectrum.
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Outline

1. Gutzwiller ansatz

2. SSH + Hubbard

3. Mott-Hubbard transition
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1. Gutzwiller ansatz
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Martin Charles Gutzwiller

Born 12 October 1925, Basel

Died 3 March 2014, Albuquerque
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Aim and definitiona

“The expectation value of the energy in the nonmagnetic state contains a

large term which is due to the repulsion of two electrons of opposite spin at

the same lattice site.” Ansatz (modern notation):

|Ψ〉 =
∏

i

[1− (1− η)ni↑ni↓)]|Ψ0〉 .

Here niσ = c†iσciσ, with creation (annihilation) operators c†iσ (ciσ) for

electrons in Wannier states at sites i, and |Ψ0〉 is a product state, such as the

filled Fermi sea in the paramagnetic case. The variational parameter η

(0 < η ≤ 1) reduces the number of doubly occupied sites; for η = 0 double

occupancy is completely suppressed.

aM. C. Gutzwiller, Phys. Rev. Lett. 10, 159 (1963).
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Modela

“It is instructive to apply these results to the following example. The

Hamiltonian is given by” (modern notation)

H =
∑

k

εk(nk↑ + nk↓) + U
∑

i

ni↑ni↓ .

“The first part of H arises from solving Schrödinger’s equation for a single

electron in the effective periodic potential of the lattice. The second part

describes the repulsions between two electrons of opposite spin which happen

to be in the same orbit around a particular lattice site.”

This Hamiltonian has been independently introduced by Hubbard and

Kanamori in 1963, and implicitly already by Anderson in 1959. Similar

models have been used earlier by quantum chemists for describing

π-conjugated organic molecules.
aM. C. Gutzwiller, Phys. Rev. Lett. 10, 159 (1963).
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Gutzwiller approximationa

The evaluation of expectation values such as the energy

E(g) =
〈Ψ0|e−gDHe−gD|Ψ0〉

〈Ψ0|e−2gD|Ψ0〉
still represents a formidable problem. Gutzwiller himself proposed a

three-step procedure, now referred to as “Gutzwiller approximation”.

1. A given expectation value is factorized with respect to spin.

2. Assume the various terms to be configuration-independent.

3. Solve the resulting combinatorial problem.

This leads to a renormalized hopping parameter, t→ √
γt, where γ depends

on the density n and on U/t. In the limit U → ∞ γ → (1− n)/(1− n/2) and

thus vanishes at half filling. The electron motion is completely suppressed,

and the system is a Mott insulator.

aM. C. Gutzwiller, Phys. Rev. 137, A1726 (1965).
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2. SSH + Hubbard
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Polyacetylene
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Peierls-Hubbard Hamiltonian in one dimension

H = −t0
∑

i

[1 + (−1)iδ0](c
†
iσci+1σ + h.c.) + UD ,

where D measure the number of doubly occupied sites. Mean-field

Hamiltonian:

Hm = −t0
∑

i

[1 + (−1)iδ](c†iσci+1σ + h.c.) .

E = Eelastic(∼ δ20) +
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 .

Gutzwiller ansatz: |Ψ〉 = e−gD|Ψm〉.
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Bond alternation for the Peierls-Hubbard Hamiltonian

ti,i+1 = t0[1 + (−1)iδ0]

|Ψ〉 = e−gD|Ψm〉, Gutzwiller

ansatz

D = number doubly occupied sites

|Ψm〉 includes a gap parameter δ

E = Eσ + 〈Ψ|Hπ|Ψ〉/〈Ψ|Ψ〉
Elastic constant and electron-

lattice coupling determined from

small organic molecules

D.B. and K. Maki (1985)
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Variational Monte Carlo

Local Hubbard-Stratonovich transformation (Hirsch 1985):

e−gni↑ni↓ =
1

2
e−

1

2
g(ni↑+ni↓)

∑

si

e−γsi(ni↑−ni↓), where cosh γ = e
1

2
g.

Ansatz: |Ψ〉 =
∏

i

e−gni↑ni↓ |Ψ0〉

Energy given by a trace over

determinental expressions de-

pending on 2L Ising variables

s1, ..., s2L, where L is the num-

ber of sites.

E. Jeckelmann and D. B., Synth. Met. 65, 211 (1994).
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Insulator-metal transition in the Peierls-Hubbard model

Many mechanisms were proposed for

the semiconductor-to-metal transition

observed in polyacetylene films upon

doping with iodine. A very natural

explanation is provided by the Peierls-

Hubbard model. While correlations en-

hance both bond alternation and the

gap at half filling, electron-electron

interactions quench bond alternation

away from half filling.

Bond alternation as a function of

doping. Upper lines SSH and con-

tinuum model, lower line SSH+U.

E. Jeckelmann and D. B. (1994)
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3. Mott-Hubbard transition
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Variational ground states of the harmonic oscillator

Ĥ =
1

2m
p̂2 +

1

2
mω2

0 x̂
2 = ~ω0(T̂ + V̂ ).

Ground state of kinetic term: |p = 0〉,
Ground state of potential term: |x = 0〉.

Variational states:

|ψG〉 = e−gV̂ |p = 0〉, |ψB〉 = e−hT̂ |x = 0〉 .

Both variational states yield the exact ground state!
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Gutzwiller ansatz and its inverse

Hubbard model: Ĥ = tT̂ + UD̂,

where T̂ describes hopping and D̂ is the number of doubly occupied sites.

Gutzwiller ansatz for the ground statea:

|Ψ〉 = e−gD̂|Ψ0〉,

where |Ψ0〉 is the ground state of Ĥ0 = −tT̂ and g is a variational parameter.

“Inverse” ansatzb:

|Ψ〉 = eh−̂T |Ψ∞〉,

where |Ψ∞〉 is “the” ground state of UD̂ and h is a variational parameter.

aM. C. Gutzwiller, Phys. Rev. Lett. 10, 159 (1963).
bD. B., Springer Series in Sol. St. Sci. 69, 183 (1987); Found. Phys. 30, 2033 (2000).
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Toy model: the 1/r Hubbard chaina

T̂ =
∑

n,m,σ

m 6=n

tn,mc
†
nσcmσ

tn,m = i(−1)n−mt/ℓn,m

εk = tk, W = 2πt

m

ln,m

n

aF. Gebhard and A. Ruckenstein, Phys. Rev. Lett. 68, 244 (1992).
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Variational energies at half fillinga

aM. Dzierzawa, M. Di Stasio and D. B., Phys. Rev. B 51, 1993(R) (1995).
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Alternative to the scenario proposed by Brinkman and Rice

Brinkman and Rice used the

Gutzwiller ansatz together with the

Gutzwiller approximation to ob-

tain an interpretation of the Mott-

Hubbard transition in terms of the

vanishing double occupancy (1970).

Here we propose an alternative in-

terpretation from an “itinerant” to

a “localized” ground state.
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