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‘There is no learning without 

  having to pose a question’

Richard Feynman 
(Nobel prize’69)



spin-orbit coupling, spin-orbit Mott insulators, 
  exchange in total angular momentum j-basis

Syllabus

orbitals, spin-orbital exchange interactions,  
geometrical vs spin-orbital frustration

introduction, Mott insulator, Heisenberg Model, 
geometrical frustration, order-by-disorder
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Why Transition Metals? 

Electrons’ interactions dominate over their kinetic 
energy:  
electrons become correlated; 
individual, single-particle, picture becomes inadequate;  
novel collective behaviour and phases emerge

Many degrees of freedom are at work
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Unexpected variety of phases
 and transitions between them 



Most of the elements are Transition metals 

Why Transition Metals? 



Aim: 

to simplify complexity  
&  

to understand/predict novel collective states 
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all electronic excitations are gapped

Topological Insulators  
gapped bulk excitations, 

but gapless surface/edge electronic excitations

Landau Fermi Liquids: 
well defined fermionic quasi-particles 

with free electron quantum numbers charge and spin

Tomonaga-Luttinger Liquids in 1D: 
no well defined fermionic quasi-particles; 

elementary excitations bosonic collective modes 
of charge and spin densities (spin-charge separation)

Mott Insulators  
should be conductors according to the band theory, 

but el-el repulsion opens a charge gap, 
however spin/orbital degrees stay alive
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    Low energy degrees are magnetic: 
Spins interacting  via Heisenberg exchange  

Werner Heisenberg 
(Nobel prize’32)
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Fractional spinon excitations in the quantum
Heisenberg antiferromagnetic chain
Martin Mourigal1,2,3*, Mechthild Enderle1, Axel Klöpperpieper4, Jean-Sébastien Caux5,
Anne Stunault1 and Henrik M. Rønnow2

One of the simplest quantum many-body systems is the spin-1/2 Heisenberg antiferromagnetic chain, a linear array of
interacting magnetic moments. Its exact ground state is a macroscopic singlet entangling all spins in the chain. Its elementary
excitations, called spinons, are fractional spin-1/2 quasiparticles created and detected in pairs by neutron scattering.
Theoretical predictions show that two-spinon states exhaust only 71% of the spectral weight and higher-order spinon states,
yet to be experimentally located, are predicted to participate in the remaining. Here, by accurate absolute normalization of our
inelastic neutron scattering data on a spin-1/2 Heisenberg antiferromagnetic chain compound, we account for the full spectral
weight to within 99(8)%. Our data thus establish and quantify the existence of higher-order spinon states. The observation
that, within error bars, the experimental line shape resembles a rescaled two-spinon one with similar boundaries allows us to
develop a simple picture for understanding multi-spinon excitations.

One hundred years ago, Max von Laue and co-workers
discovered X-ray diffraction1, thereby giving birth to the
field of crystallography to which we owe much of our un-

derstanding of materials on the atomic scale. The very first diffrac-
tion image was recorded from a single crystal of copper sulphate
pentahydrate1,2. In addition to vast practical use including herbi-
cide, wood impregnation and algae control in swimming pools,
copper sulphate also carries great educational importance. Gener-
ations of school children have been inspired in chemistry classes
across the globe by growing from evaporating solution beautiful
blue crystals of copper sulphate (in 2008, artist RogerHiorns created
an installation called Seizure3 covering an entire apartment in cop-
per sulphate crystals). When cooled close to absolute zero tempera-
ture, copper sulphate has evenmore fascinating lessons to teach—it
becomes a quantum spin liquid.Moreover, itmaterializes one of the
simplest models hosting complex quantummany-body physics, the
one-dimensional spin-1/2 Heisenberg antiferromagnet, for which
there exists an exact analytic solution—namely the Bethe ansatz4.

Quantum spin liquid ground states entangle a macroscopic
number of spins and give rise to astonishing and counter-
intuitive phenomena. Quantum spin liquids occur in a variety of
contexts ranging from the quantum spin Hall effect5,6 and high-
Tc superconductivity7–9 to confined ultracold gases and carbon
nanotubes10. A particularly clear form of a gapless algebraic
quantum spin liquid is realized in a one-dimensional array
of spins-1/2 that are coupled by nearest-neighbour isotropic
exchange, the spin-1/2 Heisenberg antiferromagnetic chain. At zero
temperature, this spin liquid is critical with respect to long-range
antiferromagnetic order as well as with respect to dimerization11,12.
Its emerging gapless fractionalized excitations are called spinons13.
The concept of fractional excitations has been applied to magnetic
monopoles in spin ice14–17, kagome and hyper-kagome lattices18,
the quantum Hall effect19–22, conducting polymers23,24, and even

1Institut Laue-Langevin, BP 156, 38042 Grenoble Cedex 9, France, 2Laboratory for Quantum Magnetism, École Polytechnique Fédérale de Lausanne (EPFL),
1015 Lausanne, Switzerland, 3Institute for Quantum Matter and Department of Physics and Astronomy, Johns Hopkins University, Baltimore, Maryland
21218, USA, 4Technische Physik, Universität des Saarlandes, D-66041 Saarbrücken, Germany, 5Institute for Theoretical Physics, University of Amsterdam,
Science Park 904, 1090 GL Amsterdam, The Netherlands. *e-mail: mourigal@pha.jhu.edu

to certain spin arrays with local spin larger than 1/2 (refs 25,
26). For the prototypical spin-1/2 Heisenberg antiferromagnetic
chain, exact calculations of the dynamic structure factor over
the whole range of the spectrum have become available. They
reveal that two-spinon states exhaust 71% of the first frequency
moment sum rule27. Including four-spinon states brings that level
to 98(1)% (ref. 28). The qualitative characteristics of two-spinon
excitations, a continuum-like spectrum with linearly dispersing
low-energy onset, are evidenced by inelastic neutron scattering
on numerous compounds29–43. Among them, there are various
quantitative attempts of an absolute comparison to theory30,37,41.
However, none was sufficiently accurate to distinguish between
an excitation continuum made of only two-spinon states and that
composed of two- and higher-order spinon states, bearing a ⇠30%
larger spectral weight. The main sources of uncertainty come from
the need to normalize the neutron scattering intensity to that of a
reference Vanadium standard and from the role of other intrinsic
and extrinsic sources of bias such as covalency, self-absorption,
atomic zero point and thermal motion, and the limits of the dipole
approximation used in the interpretation of the neutron cross-
section. The recent most accurate study, on the cuprate compound
Sr2CuO3, finds only 80%of the predicted spectral intensity41.

Here we present a totally different approach to quantifying the
full correlator, including two- and higher-spinon contributions.
A magnetic field H k z large compared with the antiferromag-
netic exchange aligns all spins parallel. This fully polarized
state, hSzni = S, is an eigenstate of the Heisenberg Hamiltonian
H = J

P
nSnSn+1 �gµBHSz , and identical to the classical ground

state, which we obtain if we neglect all commutation relations
of spin operators. Consequently, dispersion and intensity of the
low-energy excitation spectrum are correctly described by linear
spin-wave theory for which the elementary quasiparticles are
non-interacting magnons. The classical magnon dispersion in
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Figure 1 | Schematic representation of the magnetic excitations in a spin-1/2 (Heisenberg) antiferromagnetic chain and overview of the neutron
scattering results for CuSO4·5D2O. a, Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron can be imagined as a
single spin flip. The Zeeman energy prevents any growth of the flipped section that propagates like a single entity. This magnon can classically be visualized
as a spin wave, a coherent precession of the local spin expectation value around the field direction. b, Zero magnetic field state. Snapshots of large
antiferromagnetically correlated regions of the ground state. The spins could be found in a locally antiferromagnetic configuration with equal probability in
any direction (for example, the opposite one (shadows)). The neutron acts on the singlet ground state and excites triplet states, which we may imagine as
a local spin flip surrounded by two domain walls, and which individually correspond to a spinon carrying spin-1/2. The spatial extent of a spinon depends
on the anisotropy: in the Ising limit, a local spin flip decomposes into two spinons; in the Heisenberg limit, it decomposes into a rapidly converging series of
states containing two, four and higher even numbers of such spinons. c, Intensity maps of the experimental and theoretical magnon dispersion in the fully
polarized phase of CuSO4·5D2O for µ0H= 5 T > µ0Hsat and T⇠ 100 mK, above the Néel transition temperature to three-dimensional antiferromagnetic
ordering. The two observed branches (flat and cosine-shaped) are associated with two non-equivalent Cu2+ sites in CuSO4·5D2O (Cu1 and Cu2,
respectively). The cosine-shaped dispersion corresponds to the excited magnon of the saturated Heisenberg antiferromagnetic Cu1 chain and the flat
branch around 0.7 meV is a transition between two local Zeeman levels of the decoupled Cu2 sites. d, Intensity colour maps of the experimental inelastic
neutron scattering spectrum of the Cu1 chain spins in the zero-field phase of CuSO4·5D2O, and theoretical two- and four-spinon dynamic structure factor.

the fully polarized phase has already been successfully employed
to determine the microscopic parameters of the Hamiltonian of
a two-dimensional frustrated quantum antiferromagnet44. Here,
we go one step further and determine not only the microscopic
parameters from the dispersion of the magnon, but also exploit its

wave-vector-independent intensity to obtain an absolute intensity
scale. Having fixed energy and intensity scale at high magnetic
field, in the fully polarized classical phase, the quantum theory is
tested against the zero-field data without any adjustable parameters.
This approach avoids numerous uncertainties of previous attempts

436 NATURE PHYSICS | VOL 9 | JULY 2013 | www.nature.com/naturephysics
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reveal that two-spinon states exhaust 71% of the first frequency
moment sum rule27. Including four-spinon states brings that level
to 98(1)% (ref. 28). The qualitative characteristics of two-spinon
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Figure 1 | Schematic representation of the magnetic excitations in a spin-1/2 (Heisenberg) antiferromagnetic chain and overview of the neutron
scattering results for CuSO4·5D2O. a, Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron can be imagined as a
single spin flip. The Zeeman energy prevents any growth of the flipped section that propagates like a single entity. This magnon can classically be visualized
as a spin wave, a coherent precession of the local spin expectation value around the field direction. b, Zero magnetic field state. Snapshots of large
antiferromagnetically correlated regions of the ground state. The spins could be found in a locally antiferromagnetic configuration with equal probability in
any direction (for example, the opposite one (shadows)). The neutron acts on the singlet ground state and excites triplet states, which we may imagine as
a local spin flip surrounded by two domain walls, and which individually correspond to a spinon carrying spin-1/2. The spatial extent of a spinon depends
on the anisotropy: in the Ising limit, a local spin flip decomposes into two spinons; in the Heisenberg limit, it decomposes into a rapidly converging series of
states containing two, four and higher even numbers of such spinons. c, Intensity maps of the experimental and theoretical magnon dispersion in the fully
polarized phase of CuSO4·5D2O for µ0H= 5 T > µ0Hsat and T ⇠ 100 mK, above the Néel transition temperature to three-dimensional antiferromagnetic
ordering. The two observed branches (flat and cosine-shaped) are associated with two non-equivalent Cu2+ sites in CuSO4·5D2O (Cu1 and Cu2,
respectively). The cosine-shaped dispersion corresponds to the excited magnon of the saturated Heisenberg antiferromagnetic Cu1 chain and the flat
branch around 0.7 meV is a transition between two local Zeeman levels of the decoupled Cu2 sites. d, Intensity colour maps of the experimental inelastic
neutron scattering spectrum of the Cu1 chain spins in the zero-field phase of CuSO4·5D2O, and theoretical two- and four-spinon dynamic structure factor.
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to determine the microscopic parameters of the Hamiltonian of
a two-dimensional frustrated quantum antiferromagnet44. Here,
we go one step further and determine not only the microscopic
parameters from the dispersion of the magnon, but also exploit its

wave-vector-independent intensity to obtain an absolute intensity
scale. Having fixed energy and intensity scale at high magnetic
field, in the fully polarized classical phase, the quantum theory is
tested against the zero-field data without any adjustable parameters.
This approach avoids numerous uncertainties of previous attempts
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Figure 1 | Schematic representation of the magnetic excitations in a spin-1/2 (Heisenberg) antiferromagnetic chain and overview of the neutron
scattering results for CuSO4·5D2O. a, Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron can be imagined as a
single spin flip. The Zeeman energy prevents any growth of the flipped section that propagates like a single entity. This magnon can classically be visualized
as a spin wave, a coherent precession of the local spin expectation value around the field direction. b, Zero magnetic field state. Snapshots of large
antiferromagnetically correlated regions of the ground state. The spins could be found in a locally antiferromagnetic configuration with equal probability in
any direction (for example, the opposite one (shadows)). The neutron acts on the singlet ground state and excites triplet states, which we may imagine as
a local spin flip surrounded by two domain walls, and which individually correspond to a spinon carrying spin-1/2. The spatial extent of a spinon depends
on the anisotropy: in the Ising limit, a local spin flip decomposes into two spinons; in the Heisenberg limit, it decomposes into a rapidly converging series of
states containing two, four and higher even numbers of such spinons. c, Intensity maps of the experimental and theoretical magnon dispersion in the fully
polarized phase of CuSO4·5D2O for µ0H= 5 T > µ0Hsat and T⇠ 100 mK, above the Néel transition temperature to three-dimensional antiferromagnetic
ordering. The two observed branches (flat and cosine-shaped) are associated with two non-equivalent Cu2+ sites in CuSO4·5D2O (Cu1 and Cu2,
respectively). The cosine-shaped dispersion corresponds to the excited magnon of the saturated Heisenberg antiferromagnetic Cu1 chain and the flat
branch around 0.7 meV is a transition between two local Zeeman levels of the decoupled Cu2 sites. d, Intensity colour maps of the experimental inelastic
neutron scattering spectrum of the Cu1 chain spins in the zero-field phase of CuSO4·5D2O, and theoretical two- and four-spinon dynamic structure factor.

the fully polarized phase has already been successfully employed
to determine the microscopic parameters of the Hamiltonian of
a two-dimensional frustrated quantum antiferromagnet44. Here,
we go one step further and determine not only the microscopic
parameters from the dispersion of the magnon, but also exploit its

wave-vector-independent intensity to obtain an absolute intensity
scale. Having fixed energy and intensity scale at high magnetic
field, in the fully polarized classical phase, the quantum theory is
tested against the zero-field data without any adjustable parameters.
This approach avoids numerous uncertainties of previous attempts
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Figure 1. Cartoon representation of the magnetic excitations in a spin-1/2 (Heisenberg)

antiferromagnetic chain and overview of the neutron scattering results for CuSO4·5D2O.

(a)Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron

can be imagined as a single spin flip. The Zeeman energy prevents any growth of the flipped sec-

tion that propagates like a single entity. This magnon can classically be visualized as a spin wave,

a coherent precession of the local spin expectation value around the field direction. (b) Zero-

magnetic field state. Snapshots of large antiferromagnetically correlated regions of the ground
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Figure 1. Cartoon representation of the magnetic excitations in a spin-1/2 (Heisenberg)

antiferromagnetic chain and overview of the neutron scattering results for CuSO4·5D2O.

(a)Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron

can be imagined as a single spin flip. The Zeeman energy prevents any growth of the flipped sec-

tion that propagates like a single entity. This magnon can classically be visualized as a spin wave,

a coherent precession of the local spin expectation value around the field direction. (b) Zero-

magnetic field state. Snapshots of large antiferromagnetically correlated regions of the ground
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Fractional spinon excitations in the quantum
Heisenberg antiferromagnetic chain
Martin Mourigal1,2,3*, Mechthild Enderle1, Axel Klöpperpieper4, Jean-Sébastien Caux5,
Anne Stunault1 and Henrik M. Rønnow2

One of the simplest quantum many-body systems is the spin-1/2 Heisenberg antiferromagnetic chain, a linear array of
interacting magnetic moments. Its exact ground state is a macroscopic singlet entangling all spins in the chain. Its elementary
excitations, called spinons, are fractional spin-1/2 quasiparticles created and detected in pairs by neutron scattering.
Theoretical predictions show that two-spinon states exhaust only 71% of the spectral weight and higher-order spinon states,
yet to be experimentally located, are predicted to participate in the remaining. Here, by accurate absolute normalization of our
inelastic neutron scattering data on a spin-1/2 Heisenberg antiferromagnetic chain compound, we account for the full spectral
weight to within 99(8)%. Our data thus establish and quantify the existence of higher-order spinon states. The observation
that, within error bars, the experimental line shape resembles a rescaled two-spinon one with similar boundaries allows us to
develop a simple picture for understanding multi-spinon excitations.

One hundred years ago, Max von Laue and co-workers
discovered X-ray diffraction1, thereby giving birth to the
field of crystallography to which we owe much of our un-

derstanding of materials on the atomic scale. The very first diffrac-
tion image was recorded from a single crystal of copper sulphate
pentahydrate1,2. In addition to vast practical use including herbi-
cide, wood impregnation and algae control in swimming pools,
copper sulphate also carries great educational importance. Gener-
ations of school children have been inspired in chemistry classes
across the globe by growing from evaporating solution beautiful
blue crystals of copper sulphate (in 2008, artist RogerHiorns created
an installation called Seizure3 covering an entire apartment in cop-
per sulphate crystals). When cooled close to absolute zero tempera-
ture, copper sulphate has evenmore fascinating lessons to teach—it
becomes a quantum spin liquid.Moreover, itmaterializes one of the
simplest models hosting complex quantummany-body physics, the
one-dimensional spin-1/2 Heisenberg antiferromagnet, for which
there exists an exact analytic solution—namely the Bethe ansatz4.

Quantum spin liquid ground states entangle a macroscopic
number of spins and give rise to astonishing and counter-
intuitive phenomena. Quantum spin liquids occur in a variety of
contexts ranging from the quantum spin Hall effect5,6 and high-
Tc superconductivity7–9 to confined ultracold gases and carbon
nanotubes10. A particularly clear form of a gapless algebraic
quantum spin liquid is realized in a one-dimensional array
of spins-1/2 that are coupled by nearest-neighbour isotropic
exchange, the spin-1/2 Heisenberg antiferromagnetic chain. At zero
temperature, this spin liquid is critical with respect to long-range
antiferromagnetic order as well as with respect to dimerization11,12.
Its emerging gapless fractionalized excitations are called spinons13.
The concept of fractional excitations has been applied to magnetic
monopoles in spin ice14–17, kagome and hyper-kagome lattices18,
the quantum Hall effect19–22, conducting polymers23,24, and even

1Institut Laue-Langevin, BP 156, 38042 Grenoble Cedex 9, France, 2Laboratory for Quantum Magnetism, École Polytechnique Fédérale de Lausanne (EPFL),
1015 Lausanne, Switzerland, 3Institute for Quantum Matter and Department of Physics and Astronomy, Johns Hopkins University, Baltimore, Maryland
21218, USA, 4Technische Physik, Universität des Saarlandes, D-66041 Saarbrücken, Germany, 5Institute for Theoretical Physics, University of Amsterdam,
Science Park 904, 1090 GL Amsterdam, The Netherlands. *e-mail: mourigal@pha.jhu.edu

to certain spin arrays with local spin larger than 1/2 (refs 25,
26). For the prototypical spin-1/2 Heisenberg antiferromagnetic
chain, exact calculations of the dynamic structure factor over
the whole range of the spectrum have become available. They
reveal that two-spinon states exhaust 71% of the first frequency
moment sum rule27. Including four-spinon states brings that level
to 98(1)% (ref. 28). The qualitative characteristics of two-spinon
excitations, a continuum-like spectrum with linearly dispersing
low-energy onset, are evidenced by inelastic neutron scattering
on numerous compounds29–43. Among them, there are various
quantitative attempts of an absolute comparison to theory30,37,41.
However, none was sufficiently accurate to distinguish between
an excitation continuum made of only two-spinon states and that
composed of two- and higher-order spinon states, bearing a ⇠30%
larger spectral weight. The main sources of uncertainty come from
the need to normalize the neutron scattering intensity to that of a
reference Vanadium standard and from the role of other intrinsic
and extrinsic sources of bias such as covalency, self-absorption,
atomic zero point and thermal motion, and the limits of the dipole
approximation used in the interpretation of the neutron cross-
section. The recent most accurate study, on the cuprate compound
Sr2CuO3, finds only 80%of the predicted spectral intensity41.

Here we present a totally different approach to quantifying the
full correlator, including two- and higher-spinon contributions.
A magnetic field H k z large compared with the antiferromag-
netic exchange aligns all spins parallel. This fully polarized
state, hSzni = S, is an eigenstate of the Heisenberg Hamiltonian
H = J

P
nSnSn+1 �gµBHSz , and identical to the classical ground

state, which we obtain if we neglect all commutation relations
of spin operators. Consequently, dispersion and intensity of the
low-energy excitation spectrum are correctly described by linear
spin-wave theory for which the elementary quasiparticles are
non-interacting magnons. The classical magnon dispersion in

NATURE PHYSICS | VOL 9 | JULY 2013 | www.nature.com/naturephysics 435

© 2013 Macmillan Publishers Limited. All rights reserved

ARTICLES

NATURE PHYSICS DOI: 10.1038/NPHYS2652

Fully polarized state

Zero magnetic field state

Individual spinon

+ +

+... +...

c2

c4

c2

c4

1

1 1 2

24311 3 4 2

2

2

21

Ising  → ∞

Heisenberg  = 1

Time 0

=

≈ ≈

+

+

¬

¬

Time t

Spin wave

Time 0 Time t

σy

σx

=

x
y

z

H

H Sn
+S¬

n + 1 HH

〈Sn
z〉 = S

〈Sn
x, y, z〉 = 0 〈S0

αSn
α〉 ~ (¬1)nn¬1

Sn
¬S+

n + 1
S+
mS

¬
m + 1

0.0
0 1/4 1/2

Momentum transfer (h, ¬1/2, 1/2)

S (Q
, 

) (m
eV

¬1 per C
u

1 )

S (Q
, 

) (m
eV

¬1 per C
u

1 )

3/4

TheoryExperiment TheoryExperiment

1 0 1/4 1/2

Momentum transfer (h, ¬1/2, 1/2)

3/4 1
0

1

2

4
6
9

0.2

0.4

0.6

En
er

gy
 tr

an
sf

er
 (

m
eV

) 0.8

1.0 5 T 0 T

0.0 0.0

0.1

0.2

0.4

0.8
1.2

0.2

0.4

0.6

En
er

gy
 tr

an
sf

er
 (

m
eV

) 0.8

1.0
d

Δ

Δ

ωω

a

b

c

Figure 1 | Schematic representation of the magnetic excitations in a spin-1/2 (Heisenberg) antiferromagnetic chain and overview of the neutron
scattering results for CuSO4·5D2O. a, Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron can be imagined as a
single spin flip. The Zeeman energy prevents any growth of the flipped section that propagates like a single entity. This magnon can classically be visualized
as a spin wave, a coherent precession of the local spin expectation value around the field direction. b, Zero magnetic field state. Snapshots of large
antiferromagnetically correlated regions of the ground state. The spins could be found in a locally antiferromagnetic configuration with equal probability in
any direction (for example, the opposite one (shadows)). The neutron acts on the singlet ground state and excites triplet states, which we may imagine as
a local spin flip surrounded by two domain walls, and which individually correspond to a spinon carrying spin-1/2. The spatial extent of a spinon depends
on the anisotropy: in the Ising limit, a local spin flip decomposes into two spinons; in the Heisenberg limit, it decomposes into a rapidly converging series of
states containing two, four and higher even numbers of such spinons. c, Intensity maps of the experimental and theoretical magnon dispersion in the fully
polarized phase of CuSO4·5D2O for µ0H= 5 T > µ0Hsat and T ⇠ 100 mK, above the Néel transition temperature to three-dimensional antiferromagnetic
ordering. The two observed branches (flat and cosine-shaped) are associated with two non-equivalent Cu2+ sites in CuSO4·5D2O (Cu1 and Cu2,
respectively). The cosine-shaped dispersion corresponds to the excited magnon of the saturated Heisenberg antiferromagnetic Cu1 chain and the flat
branch around 0.7 meV is a transition between two local Zeeman levels of the decoupled Cu2 sites. d, Intensity colour maps of the experimental inelastic
neutron scattering spectrum of the Cu1 chain spins in the zero-field phase of CuSO4·5D2O, and theoretical two- and four-spinon dynamic structure factor.

the fully polarized phase has already been successfully employed
to determine the microscopic parameters of the Hamiltonian of
a two-dimensional frustrated quantum antiferromagnet44. Here,
we go one step further and determine not only the microscopic
parameters from the dispersion of the magnon, but also exploit its

wave-vector-independent intensity to obtain an absolute intensity
scale. Having fixed energy and intensity scale at high magnetic
field, in the fully polarized classical phase, the quantum theory is
tested against the zero-field data without any adjustable parameters.
This approach avoids numerous uncertainties of previous attempts
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Figure 1 | Schematic representation of the magnetic excitations in a spin-1/2 (Heisenberg) antiferromagnetic chain and overview of the neutron
scattering results for CuSO4·5D2O. a, Fully polarized (saturated) state. The creation of a magnon by inelastic scattering of a neutron can be imagined as a
single spin flip. The Zeeman energy prevents any growth of the flipped section that propagates like a single entity. This magnon can classically be visualized
as a spin wave, a coherent precession of the local spin expectation value around the field direction. b, Zero magnetic field state. Snapshots of large
antiferromagnetically correlated regions of the ground state. The spins could be found in a locally antiferromagnetic configuration with equal probability in
any direction (for example, the opposite one (shadows)). The neutron acts on the singlet ground state and excites triplet states, which we may imagine as
a local spin flip surrounded by two domain walls, and which individually correspond to a spinon carrying spin-1/2. The spatial extent of a spinon depends
on the anisotropy: in the Ising limit, a local spin flip decomposes into two spinons; in the Heisenberg limit, it decomposes into a rapidly converging series of
states containing two, four and higher even numbers of such spinons. c, Intensity maps of the experimental and theoretical magnon dispersion in the fully
polarized phase of CuSO4·5D2O for µ0H= 5 T > µ0Hsat and T⇠ 100 mK, above the Néel transition temperature to three-dimensional antiferromagnetic
ordering. The two observed branches (flat and cosine-shaped) are associated with two non-equivalent Cu2+ sites in CuSO4·5D2O (Cu1 and Cu2,
respectively). The cosine-shaped dispersion corresponds to the excited magnon of the saturated Heisenberg antiferromagnetic Cu1 chain and the flat
branch around 0.7 meV is a transition between two local Zeeman levels of the decoupled Cu2 sites. d, Intensity colour maps of the experimental inelastic
neutron scattering spectrum of the Cu1 chain spins in the zero-field phase of CuSO4·5D2O, and theoretical two- and four-spinon dynamic structure factor.

the fully polarized phase has already been successfully employed
to determine the microscopic parameters of the Hamiltonian of
a two-dimensional frustrated quantum antiferromagnet44. Here,
we go one step further and determine not only the microscopic
parameters from the dispersion of the magnon, but also exploit its

wave-vector-independent intensity to obtain an absolute intensity
scale. Having fixed energy and intensity scale at high magnetic
field, in the fully polarized classical phase, the quantum theory is
tested against the zero-field data without any adjustable parameters.
This approach avoids numerous uncertainties of previous attempts
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The magnetic excitations of the square-lattice spin-1/2 antiferromagnet and high-Tc parent compound
La2CuO4 are determined using high-resolution inelastic neutron scattering. Sharp spin waves with abso-
lute intensities in agreement with theory including quantum corrections are found throughout the Brillouin
zone. The observed dispersion relation shows evidence for substantial interactions beyond the nearest-
neighbor Heisenberg term which can be understood in terms of a cyclic or ring exchange due to the
strong hybridization path around the Cu4O4 square plaquettes.

DOI: 10.1103/PhysRevLett.86.5377 PACS numbers: 75.30.Ds, 71.10.Fd, 75.10.Jm, 75.40.Gb

While there is consensus about the basic
phenomenology —electron pairs with nonzero angu-
lar momentum, unconventional metallic behavior in the
normal state, tendencies towards inhomogeneous charge
and spin density order —of the high temperature copper
oxide superconductors, there is no agreement about the
microscopic mechanism. After over a decade of intense
activity, there is not even consensus as to the simplest
“effective Hamiltonian,” which is a shorthand description
of the motions and interactions of the valence electrons,
needed to account for cuprate superconductivity. Because
much speculation is centered on magnetic mechanisms
for the superconductivity, it is important to identify the
interactions among the spins derived from the unfilled
Cu21 d shells. The present experiments show that there
are significant (on the scale of the pairing energies for
high-Tc superconductivity) interactions coupling spins at
distances beyond the 3.8 Å separation of nearest-neighbor
Cu21 ions. Cyclic or ring exchange due to a strong hy-
bridization path around the Cu4O4 squares (see Fig. 1A),
from which the cuprates are built, provides a natural
explanation for the measured dispersion relation. CuO2
planes are thus the second example of an important Fermi
system (3He is the other [1]) where significant cyclic
exchange terms have been deduced.

Magnetic interactions are revealed through the wave-
vector dependence or dispersion of the magnetic excita-
tions. In magnetically ordered materials, the dominant
excitations are spin waves which are coherent (from site
to site as well as in time) precessions of the spins about
their mean values. The lower frame of Fig. 1B shows
the dispersion relation calculated using conventional linear
spin-wave theory in the classical large-S limit, where the
only magnetic interaction is a strong nearest-neighbor su-
perexchange coupling J [2]. We identify wave vectors by
their coordinates (h, k! in the two-dimensional (2D) recip-
rocal space of the square lattice. Spin waves emerge from

the wave vector "1#2, 1#2! characterizing the simple anti-
ferromagnetic (AF) unit cell doubling in La2CuO4 [3], and
disperse to reach a maximum energy 2J that is a constant
along the AF zone boundary marked by dashed squares
in Fig. 1B. Longer-range interactions manifest themselves
most simply at the zone boundary. The upper frame of
Fig. 1B shows the dispersion calculated with modest inter-
actions between next nearest neighbors. Virtually the only
visible effect of the additional interactions is the dispersion
of the spin waves along the zone edge. Thus, experiments
to test for such interactions must measure the spin waves
along the zone boundary. Only inelastic neutron scattering
with high energy and wave-vector resolution can accom-
plish this, although photon spectroscopy [4–7] has led to
suspicions of such interactions.

For La2CuO4, a requirement that complicates meeting
the resolution goals is the need to use neutrons with
energies in the epithermal, 0.1–1.0 eV, range rather
than in the more conventional cold and thermal [8],
2–50 meV, regimes. An early high energy neutron
scattering experiment [9] revealed well-defined spin-wave
excitations throughout the Brillouin zone which could be
modeled using a nearest-neighbor Heisenberg exchange
J ! 136 meV. The directions of the scattered neutrons
were specified only to within the solid angle determined by
the large detector dimensions. Thus, the measured spectra
represented averages over large portions of the reciprocal
space, so that dispersion along the zone boundary was
unresolvable and only an upper bound could be placed
on further neighbor couplings. The advance enabling
the present investigation is the use of position-sensitive
detectors for the scattered neutrons, which increases the
wave-vector resolution by an order of magnitude. The
new detector bank is installed in the direct-geometry
high-energy transfer (HET) time-of-flight spectrome-
ter at the ISIS proton-driven pulsed neutron spallation
source.

0031-9007#01#86(23)#5377(4)$15.00 © 2001 The American Physical Society 5377
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three higher-order spin couplings (J 0, J 00, and Jc! have
similar effects on the dispersion relation and intensity
dependence; therefore they cannot be determined inde-
pendently from the data without additional constraints.
We first assume that only J and J 0 are significant as in
[18], i.e., J 00 ! Jc ! 0. The solid lines in Fig. 2 are fits
to a one-magnon cross section, and Fig. 3 shows fits to
the extracted dispersion relation and spin-wave intensity.
As can be seen in the figures, the model provides an
excellent description of both the spin-wave energies and
intensities. The extracted nearest-neighbor exchange
J ! 111.8 6 4 meV is antiferromagnetic, while the
next-nearest-neighbor exchange J 0 ! 211.4 6 3 meV
across the diagonal is ferromagnetic. A wave-vector-
independent quantum renormalization factor [12] Zc !
1.18 was used in converting spin-wave energies into ex-
change couplings. The zone-boundary dispersion becomes
more pronounced upon cooling as shown in Fig. 3A, and
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FIG. 3. (A) Dispersion relation along high symmetry direc-
tions in the 2D Brillouin zone, see inset (C), at T ! 10 K (open
symbols) and 295 K (solid symbols). Squares were obtained
for Ei ! 250 meV, circles for Ei ! 600 meV, and triangles
for Ei ! 750 meV. Points extracted from constant-E(-Q) cuts
have a vertical (horizontal) bar to indicate the E(Q) integration
band. Solid (dashed) line is a fit to the spin-wave dispersion re-
lation at T ! 10 K (295 K) as discussed in the text. (B) Wave-
vector dependence of the spin-wave intensity at T ! 295 K
compared with predictions of linear spin-wave theory shown by
the solid line. The absolute intensities [11] yield a wave-vector-
independent intensity-lowering renormalization factor of 0.51 6
0.13 in agreement with the theoretical prediction of 0.61 [12]
that includes the effects of quantum fluctuations.

the dispersion at T ! 10 K can be described by the
couplings J ! 104.1 6 4 meV and J 0 ! 218 6 3 meV.

A ferromagnetic J 0 contradicts theoretical predictions
[19], which give an antiferromagnetic superexchange J 0.
Wave-vector-dependent quantum corrections [20] to the
spin-wave energies can also lead to a dispersion along the
zone boundary even if J 0 ! 0, but with sign opposite to our
result. Another problem with a ferromagnetic J 0 comes
from measurements on Sr2Cu3O4Cl2 [21]. This material
contains a similar exchange path between Cu21 ions to
that corresponding to J 0 in La2CuO4 and analysis of the
measured spin-wave dispersion leads to an antiferromag-
netic exchange coupling for this path [21].

While we cannot definitively rule out a ferromagnetic
J 0, we can obtain a natural description of the data in terms
of a one-band Hubbard model [22], an expansion of which
yields the spin Hamiltonian in Eq. (1) where the higher-
order exchange terms arise from the coherent motion of
electrons beyond nearest-neighbor sites [13–15]. The
Hubbard Hamiltonian has been widely used as a starting
point for theories of the cuprates and is given by

H ! 2t
X

"i,j#,s!",#
$cy

iscjs 1 H.c.! 1 U
X

i
ni"ni# , (2)

where "i, j# stands for pairs of nearest neighbors counted
once. Equation (2) has two contributions: the first is
the kinetic term characterized by a hopping energy t
between nearest-neighbor Cu sites and the second the
potential energy term with U being the penalty for
double occupancy on a given site. At half filling, the
case for La2CuO4, there is one electron per site and for
t%U ! 0, charge fluctuations are entirely suppressed
in the ground state. The remaining degrees of freedom
are the spins of the electrons localized at each site. For
small but nonzero t%U, the spins interact via a series of
exchange terms, as in Eq. (1), due to coherent electron
motion touching progressively larger numbers of sites.
If the perturbation series is expanded to order t4 (i.e.,
4 hops), one regains the Hamiltonian (1) with the ex-
change constants J ! 4t2%U 2 24t4%U3, Jc ! 80t4%U3,
and J 0 ! J 00 ! 4t4%U3 [13–15]. We again fitted the
dispersion and intensities of the spin-wave excitations
using these expressions for the exchange constants and
linear spin-wave theory. The fits are indistinguishable
from those for variables J and J 0. Again assuming
[23] Zc ! 1.18, we obtained t ! 0.33 6 0.02 eV and
U ! 2.9 6 0.4 eV (T ! 295 K), in agreement with t
and U determined from photoemission [24] and optical
spectroscopy [25]. The corresponding exchange val-
ues are J ! 138.3 6 4 meV, Jc ! 38 6 8 meV, and
J 0 ! J 00 ! Jc%20 ! 2 6 0.5 meV (the parameters at
T ! 10 K are t ! 0.30 6 0.02 eV, U ! 2.2 6 0.4 eV,
J ! 146.3 6 4 meV, and Jc ! 61 6 8 meV). Us-
ing these values, the higher-order interactions amount
to &11% (T ! 295 K) of the total magnetic energy
2$J 2 Jc%4 2 J 0 2 J 00! required to reverse one spin on a
fully aligned Néel phase.

5379

VOLUME 86, NUMBER 23 P H Y S I C A L R E V I E W L E T T E R S 4 JUNE 2001

three higher-order spin couplings (J 0, J 00, and Jc! have
similar effects on the dispersion relation and intensity
dependence; therefore they cannot be determined inde-
pendently from the data without additional constraints.
We first assume that only J and J 0 are significant as in
[18], i.e., J 00 ! Jc ! 0. The solid lines in Fig. 2 are fits
to a one-magnon cross section, and Fig. 3 shows fits to
the extracted dispersion relation and spin-wave intensity.
As can be seen in the figures, the model provides an
excellent description of both the spin-wave energies and
intensities. The extracted nearest-neighbor exchange
J ! 111.8 6 4 meV is antiferromagnetic, while the
next-nearest-neighbor exchange J 0 ! 211.4 6 3 meV
across the diagonal is ferromagnetic. A wave-vector-
independent quantum renormalization factor [12] Zc !
1.18 was used in converting spin-wave energies into ex-
change couplings. The zone-boundary dispersion becomes
more pronounced upon cooling as shown in Fig. 3A, and

(3/4,1/4) (1/2,1/2) (1/2,0) (3/4,1/4) (1,0) (1/2,0)
0

50

100

150

200

250

300

350

E
ne

rg
y 

(m
eV

)

A

(3/4,1/4) (1/2,1/2) (1/2,0) (3/4,1/4) (1,0) (1/2,0)
0

5

10

15

20

Wave vector (h,k)
I S

W
(Q

) (
µ B2

 f.
u.

-1
)

B

h

k

0

1

1

0.5

0.5

M

XΓ Γ

C

FIG. 3. (A) Dispersion relation along high symmetry direc-
tions in the 2D Brillouin zone, see inset (C), at T ! 10 K (open
symbols) and 295 K (solid symbols). Squares were obtained
for Ei ! 250 meV, circles for Ei ! 600 meV, and triangles
for Ei ! 750 meV. Points extracted from constant-E(-Q) cuts
have a vertical (horizontal) bar to indicate the E(Q) integration
band. Solid (dashed) line is a fit to the spin-wave dispersion re-
lation at T ! 10 K (295 K) as discussed in the text. (B) Wave-
vector dependence of the spin-wave intensity at T ! 295 K
compared with predictions of linear spin-wave theory shown by
the solid line. The absolute intensities [11] yield a wave-vector-
independent intensity-lowering renormalization factor of 0.51 6
0.13 in agreement with the theoretical prediction of 0.61 [12]
that includes the effects of quantum fluctuations.
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that corresponding to J 0 in La2CuO4 and analysis of the
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While we cannot definitively rule out a ferromagnetic
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point for theories of the cuprates and is given by
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between nearest-neighbor Cu sites and the second the
potential energy term with U being the penalty for
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case for La2CuO4, there is one electron per site and for
t%U ! 0, charge fluctuations are entirely suppressed
in the ground state. The remaining degrees of freedom
are the spins of the electrons localized at each site. For
small but nonzero t%U, the spins interact via a series of
exchange terms, as in Eq. (1), due to coherent electron
motion touching progressively larger numbers of sites.
If the perturbation series is expanded to order t4 (i.e.,
4 hops), one regains the Hamiltonian (1) with the ex-
change constants J ! 4t2%U 2 24t4%U3, Jc ! 80t4%U3,
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dispersion and intensities of the spin-wave excitations
using these expressions for the exchange constants and
linear spin-wave theory. The fits are indistinguishable
from those for variables J and J 0. Again assuming
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J 0 ! J 00 ! Jc%20 ! 2 6 0.5 meV (the parameters at
T ! 10 K are t ! 0.30 6 0.02 eV, U ! 2.2 6 0.4 eV,
J ! 146.3 6 4 meV, and Jc ! 61 6 8 meV). Us-
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Octupolar ordering of classical kagome antiferromagnets in two and three dimensions

M. E. Zhitomirsky
Commissariat à l’Energie Atomique, DSM/INAC/SPSMS, 17 r. des Martyrs, F-38054 Grenoble, France

(Dated: 7 May 2008, revised 8 August 2008)

Classical Heisenberg antiferromagnets on two-dimensional kagome and three-dimensional hyperk-
agome lattices are investigated by Monte Carlo simulations. For both models the symmetry-breaking
states at low temperatures are described by non-zero octupole moments or third-rank spin tensor
order parameters. In the case of the two-dimensional kagome antiferromagnet, a sharp crossover
into a coplanar state takes place at Tk ≈ 0.004J , which we attribute to proliferation of fractional
vortices. The three-dimensional model exhibits a first-order transition at Tc ≈ 0.002J into a phase
with critical spin correlations, which possesses a long-range order of octupole moments.

PACS numbers: 75.10.Hk, 75.10.-b, 75.50.Ee, 75.40.Mg

I. INTRODUCTION

A two-dimensional (2D) network of corner-sharing tri-
angles known as the kagome lattice, Fig. 1, is a proto-
type of geometrical frustration. The nearest-neighbor
Heisenberg antiferromagnet on such a lattice has an in-
finite number of spin configurations minimizing the ex-
change energy. Both quantum1 and classical2,3,4,5,6,7,8

spin models on the kagome lattice have attracted sig-
nificant theoretical interest in the past. Realizations
of the kagome lattice topology among magnetic solids
were initially rather scarce with the prime example being
SrCr8−xGa4+xO19.9,10 In the last few years a significant
number of new magnetic compounds that are believed
to be related to the kagome lattice antiferromagnet have
been synthesized and studied.11,12,13,14,15,16,17,18,19,20,21

Often these materials suffer from substitutional disorder,
are affected by small structural deviations from the ideal
kagome network, or have extra interactions, which lift the
magnetic degeneracy. Nevertheless, recent neutron scat-
tering experiments on powder samples of large-S kagome
materials, Y0.5Ca0.5BaCo4O7

19 (S = 3/2) and deutero-
nium jarosite21 (S = 5/2), have demonstrated remark-
able similarity between the measured diffuse intensities
and the Monte Carlo results for the classical model.7

Motivated by these two seemingly good realizations of
the classical kagome antiferromagnet, we reinvestigate in
the present work the finite-temperature properties of this
model. In particular, we consider the angular depen-
dence of magnetic correlations, which can be measured
in neutron-diffraction experiments on single crystals.
A second source of motivation is provided by the re-

cent discovery of a 3D array of corner-sharing triangles
in a spin-1/2 Mott insulator Na4Ir3O8.22 Due to simi-
larity with its 2D counterpart, this lattice structure has
been coined a hyperkagome lattice. A network of tri-
angles with similar topology is also know to exist in
gadolinium gallium garnet Gd3Ga5O12

23,24,25 (S = 7/2),
whose enigmatic behavior attracted a lot of theoretical
efforts.26,27,28 Though the magnetic properties of both
systems may be quite distant from those of the nearest-
neighbor classical model, in the former case due to quan-
tum effects, in the latter material due to strong dipo-

FIG. 1: (Color online) Section of the kagome lattice with spins
in the fully ordered

√
3×

√
3 structure.

lar interactions, it is still important to understand the
properties of the classical antiferromagnet as a start-
ing reference point. Furthermore, recent Monte Carlo
simulations29 have found evidence for an interesting low-
temperature phase transition for the hyperkagome anti-
ferromagnet.
The classical ground states of the Heisenberg kagome

lattice antiferromagnet are derived from the block repre-
sentation of the spin Hamiltonian

Ĥ = J
!

⟨ij⟩

Si · Sj =
J

2

!

△

"

S1 +S2 + S3

#2

△
+ const . (1)

The energy is minimized by any spin configuration, which
has S△ = 0 for every triangular plaquette. This classi-
cal constraint is satisfied for infinitely many configura-
tions including planar and nonplanar states. Chalker et
al.2 have argued that coplanar spin states are selected
by thermal fluctuations via the order by disorder effect.
They have also related an asymptotic selection of the spin
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FIG. 1: (Color online) Section of the kagome lattice with spins
in the fully ordered

√
3×

√
3 structure.

lar interactions, it is still important to understand the
properties of the classical antiferromagnet as a start-
ing reference point. Furthermore, recent Monte Carlo
simulations29 have found evidence for an interesting low-
temperature phase transition for the hyperkagome anti-
ferromagnet.
The classical ground states of the Heisenberg kagome

lattice antiferromagnet are derived from the block repre-
sentation of the spin Hamiltonian

Ĥ = J
!

⟨ij⟩

Si · Sj =
J

2

!

△

"

S1 +S2 + S3

#2

△
+ const . (1)

The energy is minimized by any spin configuration, which
has S△ = 0 for every triangular plaquette. This classi-
cal constraint is satisfied for infinitely many configura-
tions including planar and nonplanar states. Chalker et
al.2 have argued that coplanar spin states are selected
by thermal fluctuations via the order by disorder effect.
They have also related an asymptotic selection of the spin
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eg

t2g

Z2

d-level

X2-Y2

XY YZ XZ

Angular momentum in t2g shell

L=2
l=1

L=-l=1
|xyi ⇠ 1p

2i
(|Lz = +2i � |Lz = �2i) ⌘ |lz = 0i

|xzi ⇠ 1p
2i
(|Lz = +1i � |Lz = �1i)

|yzi ⇠ 1p
2

(|Lz = +1i + |Lz = �1i)

~M = 2~S + ~L = 2~S �~l
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         in spin-orbital systems
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orbitals are rigidly ordered: 
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 spins & orbitals entangled 
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Exchange couplings:

Coupled spin-orbital exchange 
      (Kugel-Khomskii model)

stronger AFM 

 weaker FM

H =
X

hiji�

h
� J1

�
~Si · ~Sj +

3

4

�
+ J2

�
~Si · ~Sj � 1

4

�i
P (�)
ij

+J3

X

hiji�

�
~Si · ~Sj �

1

4

�
P̃ (�)
ij

Orbital degrees are static Pott’s-like!

r1 = 1/(1 � 3⌘), r2 = 1/(1 � ⌘), r3 = 1/(1 + 2⌘)

J1(2) =
1

4
Jr1(2), J3 =

1

3
J(2r2 + r3), J = 4t2/U, ⌘ = JH/U ⌧ 1
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each sublattice forms FCCLn3+ Mo5+
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Superexchange Spin-Orbital Model

2

orbital character, resulting in a Hamiltonian with Potts-
like orbital degrees of freedom.

Hex =
X

↵�

J

✓
S

i

· S
j

� 1

4

◆
n

i↵�

n

j↵�

�J

4
[n

i↵�

(1�n

j↵�

)+(1�n

i↵�

)n
j↵�

]

(2)

↵� 2 {xy, yz, zx} and n

i↵�

is the occupation number of
the ↵�-orbital which can be written as n

i↵�

= 1� (l�)2.
The exchange Hamiltonian Eq. 2 can be brought to

a simpler form using the single occupancy conditionP
↵�

n

i↵�

=1.

Hex=J

X

hi,ji

X

↵�

✓
S

i

· S
j

+
1

4

◆
n

i↵�

n

j↵�

+ const. (3)

The classical ground state of Eq. 3 on the fcc lattice
is built of decoupled antiferromagnetic layers as shown
in Fig. 1(b). Due to the orbital properties of our model,
however, the ground state is degenerate. For Néel–order
the expectation value hS

i

· S
j

i becomes � 1
4 setting the

first term in Eq. 3 to zero. The ground state energy then
is a constant independently of the orbital configuration.
Thus our model 3 is significantly di↵erent from the one
proposed previously for Ba2YMoO6

12.
For completenes we include the spin–orbit coupling

which has the following form in the projected t2g mani-
fold:

HSO = ��

X

i

l
i

· S
i

. (4)

The full Hamiltonian reads

H = Hex +HSO . (5)

Let us now examine the case of an isolated bond. For
simplicity we select a bond in the xy-plane. The exact
dimer ground state of Eq. 5 can be written as linear a
combination of two kind of spin–orbital singlets for all
values of �/J

|GSi = N

",�

(| i+ " | i) , (6)

where N
",�

= 1p
(1+�2+")2�2"

is the normalizing constant and

" is a (small) variational parameter. The dominant sin-
glet

| i
ij

=
1p
2

⇣
|*i

i

|+i
j

� |+i
i

|*i
j

⌘
(7)

is built from the pseudo-spins

|*i
j

= |0, "i
j

+ �|1, #i
j

, (8a)

|+i
j

= |0, #i
j

+ �|�1, "i
j

, (8b)

where the variational parameter � depends on the ratio
�/J . The other singlet contributing to the ground state
is

| i
ij

=
1p
2
(|1, #i

i

|�1, "i
j

� |�1, "i
i

|1, #i
j

) . (9)

" vanishes in the limiting cases � = 0 and � ! 1 and
it remains small for any �/J . Thus, the ground state is
approximately a pure singlet |GSi = | i everywhere.

λ/J

0
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〈
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FIG. 2. Overlap between the exact dimer ground state and
the singlet | i. For arbitrary value of � the contribution
of | i to |GSi remains very small.

Now that we established the ground state of an iso-
lated bond, we assume, that the ground state of the fcc
lattice is a spin–orbital singlet covering, and calculate the
ground state energy including the inter–dimer bonds on a
mean–field level. Taking bigger clusters of spins one can
show that the ground state energy is minimal when the
hard–core exclusion is satisfied, i.e. neighboring dimer
singlets cannot lie in the same plane .3,7 Although, this
seems like a strong constraint regarding the degeneracy
of the ground state, we will see that the possible dimer
configurations remain extensive.

2 b3b1 b

x
y

z

FIG. 3. (color online) Types of di↵erent inter-dimer bonds.
Spin-orbital singlets are represented with and are colored
according to their orbital character. Bonds b1 and b2 couple
singlets with orbitals perpendicular to the bonds. Bond b3

connects one dimer singlet with perpendicular orbital charac-
ter and one that is in the plane of b3. The third possibility,
i.e. a bond connecting two singlets with orbitals lying in the
plane of the bond is forbidden due to hard–core exclusion.

Fig. 3 shows the di↵erent types of inter–dimer bonds.
Such bond can connect two dimer singlets with orbital
characters both perpendicular to the connecting bond.
Then either the connected singlet are perpendicular to
each other (b1), or they are of the same plane (b2). The
other possibility is that one of the singlets is in the same

1

Supplementing Materials: Spin-Orbit Dimer and Non-Collinear Phases in d1 Cubic
Double Perovskites

CLASSICAL GROUND STATE MANIFOLD

The classical site-factorized ground state of our model Hamiltonian introduced in Eq. 1 in the main text has
extensive degeneracy due to orbital degrees of freedom. In order to see this let us take a look at second-order hopping
processes that are illustrated in Fig. S1 (a). A bond in ↵�-plane gains energy in two cases. First, when both of its
electrons are occupying ↵� orbitals, resulting in a spin–dependent antiferromagnetic exchange. Second, when one of
the electrons occupy the ↵�-orbital, and the other one a di↵erent orbital leading to a spin–independent interaction.
When both orbitals are perpendicular to the bond between them there is no exchange. The second order hoppings
do not change the orbital character, resulting in a Hamiltonian with Potts-like orbital degrees of freedom.

=

=

2t__
U

_
2

x

y

z

(a)

(b)

t__
U
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2

FIG. S1. (color online) (a) Bonds in the ↵�-plane have zero energy unless one of the electrons occupies ↵� orbital. The energy
gain is maximal when both orbitals correspond to the plane of the bond. (b) The classical ground state is orbitally ordered
antiferromagnetic state of decoupled layers (left). Flipping one of the orbitals does not cost energy. Although, the bond energies
in xy-plane are halved, there are new exchange paths to the lower and upper layers (right).

In case of zero Hund’s coupling the Hamiltonian Eq. 1 can be brought to the simple form of

H
ex

=
X

↵�

J

✓
Si · Sj� 1

4

◆
ni↵�nj↵� + const. (S1)

The classical ground state of S1 on the fcc lattice is built of decoupled antiferromagnetic layers as shown in Fig. S1(b).
Due to the orbital properties of our model, however, the ground state is degenerate. For Néel–order the expectation
value hSi · Sji becomes � 1

4

setting the first term in Eq. S1 to zero. The ground state energy then is a constant and
independent of orbital configuration giving rise to macroscopic degeneracy.

EXACT SOLUTION OF A TWO-SITE PROBLEM

To investigate the dimer-factorized solution we begin with the case of an isolated bond. For simplicity we select a
bond layingin the xy-plane. Based on our numerical diagonalization, the exact dimer ground state of the Hamiltonian
Eq. 1 can be written as linear a combination of two kinds of spin–orbital singlet for any values of SO interaction �.
The dominant singlet in this linear combination is | i of Eq. 4 with pseudo-spins introduced in Eq. 5 in the main
text. Contribution from the other singlet vanishes in the limiting cases � = 0 and � ! 1 and it remains quite small
for any value of �. Thus, the ground state is approximately a pure singlet described by Eq. 4. To see how close this
trial singlet state is to the exact dimer ground state we plot the overlap between them in Fig. S2.
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orbital character, resulting in a Hamiltonian with Potts-
like orbital degrees of freedom.
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The classical ground state of Eq. 3 on the fcc lattice
is built of decoupled antiferromagnetic layers as shown
in Fig. 1(b). Due to the orbital properties of our model,
however, the ground state is degenerate. For Néel–order
the expectation value hS
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· S
j

i becomes � 1
4 setting the

first term in Eq. 3 to zero. The ground state energy then
is a constant independently of the orbital configuration.
Thus our model 3 is significantly di↵erent from the one
proposed previously for Ba2YMoO6

12.
For completenes we include the spin–orbit coupling

which has the following form in the projected t2g mani-
fold:
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The full Hamiltonian reads

H = Hex +HSO . (5)

Let us now examine the case of an isolated bond. For
simplicity we select a bond in the xy-plane. The exact
dimer ground state of Eq. 5 can be written as linear a
combination of two kind of spin–orbital singlets for all
values of �/J

|GSi = N
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(| i+ " | i) , (6)

where N
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= 1p
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is the normalizing constant and
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" vanishes in the limiting cases � = 0 and � ! 1 and
it remains small for any �/J . Thus, the ground state is
approximately a pure singlet |GSi = | i everywhere.
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Now that we established the ground state of an iso-
lated bond, we assume, that the ground state of the fcc
lattice is a spin–orbital singlet covering, and calculate the
ground state energy including the inter–dimer bonds on a
mean–field level. Taking bigger clusters of spins one can
show that the ground state energy is minimal when the
hard–core exclusion is satisfied, i.e. neighboring dimer
singlets cannot lie in the same plane .3,7 Although, this
seems like a strong constraint regarding the degeneracy
of the ground state, we will see that the possible dimer
configurations remain extensive.

2 b3b1 b

x
y

z

FIG. 3. (color online) Types of di↵erent inter-dimer bonds.
Spin-orbital singlets are represented with and are colored
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connects one dimer singlet with perpendicular orbital charac-
ter and one that is in the plane of b3. The third possibility,
i.e. a bond connecting two singlets with orbitals lying in the
plane of the bond is forbidden due to hard–core exclusion.

Fig. 3 shows the di↵erent types of inter–dimer bonds.
Such bond can connect two dimer singlets with orbital
characters both perpendicular to the connecting bond.
Then either the connected singlet are perpendicular to
each other (b1), or they are of the same plane (b2). The
other possibility is that one of the singlets is in the same
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The classical ground state of Eq. 3 on the fcc lattice
is built of decoupled antiferromagnetic layers as shown
in Fig. 1(b). Due to the orbital properties of our model,
however, the ground state is degenerate. For Néel–order
the expectation value hS
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i becomes � 1
4 setting the

first term in Eq. 3 to zero. The ground state energy then
is a constant independently of the orbital configuration.
Thus our model 3 is significantly di↵erent from the one
proposed previously for Ba2YMoO6
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FIG. 2. Overlap between the exact dimer ground state and
the singlet | i. For arbitrary value of � the contribution
of | i to |GSi remains very small.

Now that we established the ground state of an iso-
lated bond, we assume, that the ground state of the fcc
lattice is a spin–orbital singlet covering, and calculate the
ground state energy including the inter–dimer bonds on a
mean–field level. Taking bigger clusters of spins one can
show that the ground state energy is minimal when the
hard–core exclusion is satisfied, i.e. neighboring dimer
singlets cannot lie in the same plane .3,7 Although, this
seems like a strong constraint regarding the degeneracy
of the ground state, we will see that the possible dimer
configurations remain extensive.
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FIG. 3. (color online) Types of di↵erent inter-dimer bonds.
Spin-orbital singlets are represented with and are colored
according to their orbital character. Bonds b1 and b2 couple
singlets with orbitals perpendicular to the bonds. Bond b3

connects one dimer singlet with perpendicular orbital charac-
ter and one that is in the plane of b3. The third possibility,
i.e. a bond connecting two singlets with orbitals lying in the
plane of the bond is forbidden due to hard–core exclusion.

Fig. 3 shows the di↵erent types of inter–dimer bonds.
Such bond can connect two dimer singlets with orbital
characters both perpendicular to the connecting bond.
Then either the connected singlet are perpendicular to
each other (b1), or they are of the same plane (b2). The
other possibility is that one of the singlets is in the same
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and AF2. A schematic illustration of AF1 and AF2 is
shown in Fig. 4(a). In AF1 pseudo–spins

��
j=3

2 , jz

= 1
2

↵

and
��
j=3

2 , jz

=�1
2

↵
form antiferromagnetic layers with

ferromagnetic order in the yz or zx planes. In AF2��
j=3

2 , jz

=±3
2

↵
moments are ordered in antiferromagnetic

layers with ferromagnetic xy-planes. The energies of the
AF phases are E

AF1 = J

36 � �

2 and E

AF2 = ��

2 . In
the limiting cases analytical comparison is possible. For
� = 0

�E

AF1
�=0 = E

AF1
�=0 � E

dimer
0,�=0 =

5J

18
and (16a)

�E

AF2
�=0 = E

AF2
�=0 � E

dimer
0,�=0 =

J

4
. (16b)

Similarly, in the large � limit

�E

AF1
�!1 = E

AF1
�!1 � E

dimer
0,�!1 =

11J

288
and (17a)

�E

AF2
�!1 = E

AF2
�!1 � E

dimer
0,�!1 =

J

96
. (17b)

Fig. 4(b) shows the energy di↵erence�E

AF1,2 = E

AF1,2�
E

dimer
0 as the function of �. Edimer

0 is always smaller than
E

AF1 and E

AF2 and the ground state, at least at the
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approximate pure singlet | i↵�
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FIG. 5. (color online) (a) and (b) illustrates two neighboring
[111]-planes of the face centered cubic (fcc) lattice indicated
with black and white sites. (c) Covering with xz (red) and xy

(blue) ‘orthogonal’ dimers. The two layers depicted here are
denoted with black and white sites. The solid and dashed lines
correspond to intra and inter layer interactions, respectively.
(d) Switching the dimers on four neighboring sites in a given
layer does not violate the hard–core exclusion and does not
e↵ect the ground state energy.

In the following we show that in spite of the hard–core
exclusion rule, there is infinite number of dimer coverings
of which the system chooses upon freezing into a glassy
disordered phase.
We consider the [111]-planes of the fcc lattice which

naturally contains all three kinds of bonds (xy, yz and
zx) as shown in Fig. 5. The fcc lattice can be thought
about as stacked layers of triangular lattice, where these
layers are the [111] planes and the three sides of the tri-
angles correspond to the three kinds of bonds. A possible
dimer–product state is to cover a layer with stripes of two
kinds of dimers and repeat the pattern in the neighbor-
ing layers so that the di↵erent dimers alternate on top of
each other. Two neighboring layers of such a dimer cover-
ing is illustrated in Fig. 5(c), for convenience we denoted
the top layer with bright, and the bottom layer with dim
colors. It is easy to see that changing the dimer state
of four neighboring sites within a layer will not violate
the hard–core exclusion and does not change the ground
state energy. Such a flip is illustrated in Fig. 5(d). As
we can flip anywhere, even successively at more than one
plaquette of four sites, there are an extensive number of
possible dimer coverings.
[We probably should write more here...]

In conclusion, we constructed a suitable microscopic
model and studied the ground state properties of the dou-
ble perovskite insulating magnet Ba2YMoO6. We have
shown that a random hard–core covering of entangled
dimers wins against the antiferromagnetic Néel states at
any value of spin–orbit coupling. Our result supports
the experimental observations, that the magnetic low-
temperature state of Ba2YMoO6 is a disordered valence
bond phase with no broken symmetries where the 4d elec-
trons randomly form dimers with one of their 12 neigh-
bors. [More here too...]

We thank ... for useful discussions. This work was
supported by ... .
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approximate pure singlet | i↵�

�

.

(a)
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FIG. 5. (color online) (a) and (b) illustrates two neighboring
[111]-planes of the face centered cubic (fcc) lattice indicated
with black and white sites. (c) Covering with xz (red) and xy

(blue) ‘orthogonal’ dimers. The two layers depicted here are
denoted with black and white sites. The solid and dashed lines
correspond to intra and inter layer interactions, respectively.
(d) Switching the dimers on four neighboring sites in a given
layer does not violate the hard–core exclusion and does not
e↵ect the ground state energy.

In the following we show that in spite of the hard–core
exclusion rule, there is infinite number of dimer coverings
of which the system chooses upon freezing into a glassy
disordered phase.
We consider the [111]-planes of the fcc lattice which

naturally contains all three kinds of bonds (xy, yz and
zx) as shown in Fig. 5. The fcc lattice can be thought
about as stacked layers of triangular lattice, where these
layers are the [111] planes and the three sides of the tri-
angles correspond to the three kinds of bonds. A possible
dimer–product state is to cover a layer with stripes of two
kinds of dimers and repeat the pattern in the neighbor-
ing layers so that the di↵erent dimers alternate on top of
each other. Two neighboring layers of such a dimer cover-
ing is illustrated in Fig. 5(c), for convenience we denoted
the top layer with bright, and the bottom layer with dim
colors. It is easy to see that changing the dimer state
of four neighboring sites within a layer will not violate
the hard–core exclusion and does not change the ground
state energy. Such a flip is illustrated in Fig. 5(d). As
we can flip anywhere, even successively at more than one
plaquette of four sites, there are an extensive number of
possible dimer coverings.
[We probably should write more here...]

In conclusion, we constructed a suitable microscopic
model and studied the ground state properties of the dou-
ble perovskite insulating magnet Ba2YMoO6. We have
shown that a random hard–core covering of entangled
dimers wins against the antiferromagnetic Néel states at
any value of spin–orbit coupling. Our result supports
the experimental observations, that the magnetic low-
temperature state of Ba2YMoO6 is a disordered valence
bond phase with no broken symmetries where the 4d elec-
trons randomly form dimers with one of their 12 neigh-
bors. [More here too...]

We thank ... for useful discussions. This work was
supported by ... .

Still massively degenerate: all covering have same energy 
Mis-site disorder will, most likely, choose a random pattern: 

spin-orbit dimer ‘glass’
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tional approach and compare the energies with the dimer-
singlet ground state energy Eq. 6. Let us note that in
our site-factorized approach the magnetic and crystallo-
graphic unit cells are the same, and we do not discuss
possible further phases with larger magnetic units or in-
commensurate patterns. For large enough Hund’s cou-
pling we find two non-collinear but coplanar phases, one
with finite and one with zero net moment. as shown in
Fig. 4 The easy axis corresponds to [110] and equivalent
directions in both phases.

0

0.1

0.2

0 1 2 3 4

η

λ

0

0.1

0.2

0 1 2 3 4

Coplanar-AF

Dimer-singlet

Coplanar-F

FIG. 4. Phase diagram of the model E. 1 as the function of
Hund’s coupling ⌘ and spin-orbit interaction �.

Experimental implications.– The dimer-singlet phase
characteristic for small Hund’s coupling captures avail-
able experimental properties of the molybdenum com-
pounds. In agreement with experiments, there is no
long-range ordering, nor formation of super-structure or
structured phases. Susceptibility, [11] heat capacity and
µSR [27] experiments suggest pseudo-gapped excitations
and formation of glassy valence bond state that does not
break any symmetries down to 50 mK, consistent with
amorphous spin-orbital dimer singlet phase presented
here. Neutron scattering experiments [28] reveal excita-
tions that are in line with our conjecture for the dimer-
singlet spectrum. A stronger mode has been observed
at about 28 meV corresponding to singlet-to-triplet ex-
citations together with a weaker mode at half the energy
which most like corresponds to the orbital-type of ex-
citation discussed above. Additional lower lying excita-
tions have been observed inside the pseudo gap by NMR
studies. [10] Infrared transmission spectra indicates local
distortion of MoO

6

octahedra below 130 K [29], at which
temperature the susceptibility peaks and spin singlets are
formed to open a (pseudo) gap [10, 28]. These local dis-
tortions correspond to the directional character of the
dimer-singlets with orbitals directed along the occupied
dimer bonds.

The two-sublattice ordered states in the phase dia-
gram 4 may provide description for the iso-structural os-

mium compounds, the antiferromagnetic Ba
2

LiOsO
6

and
ferromagnetic Ba

2

NaOsO
6

, characterized by very small
net magnetic moment and [110] easy axis anisotropy.
We numerically calculated the magnetic moment ~M =
2~S � ~l which varies by an order of magnitude in the
coplanar ferro phase being ⇠ 1µb for small and ⇠ 0.1µB

for large �. These findings are consistent with mea-
sured magnetic moments, which are unusually small;
µ = 0.733µB and µ = 0.677µB for the osmium com-
pounds containing Li and Na, respectively.[14]

Summary.– Using a suitable spin-orbital model 1,
we investigated the magnetic properties of dou-
ble perovskites Ba

2

BMoO
6

(B=Y,Lu) and Ba
2

BOsO
6

(B=Na,Li). Based on analytical and variational ap-
proaches we found that a massively degenerate hard–
core dimer–singlet ground state emerges when the Hund’s
coupling is small. The real spins forming the singlet state
develop into the ±1/2 component of an e↵ective j = 3/2
quadruplet upon increasing spin-orbit interaction. This
amorphous spin-orbital dimer–singlet state captures ex-
perimentally observed properties of molybdenum dou-
ble perovskite Ba

2

BMoO
6

(B=Y,Lu). For larger Hund’s
coupling antiferro and ferro type of non-collinear order
emerges with easy axis anisotropy along the NN dimers of
the fcc lattice. The osmium compounds Ba

2

LiOsO
6

and
Ba

2

NaOsO
6

may serves as physical ralization of these
phases.
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beam. The polarization of the scattered x rays was ana-
lyzed with pyrolytic graphite (0 0 8) and (0 0 10) reflec-
tions for the L3 and L2 edges, respectively. A single crystal
was mounted on a closed-cycle cryostat, and data were
collected at a temperature of about 5 K. No indications of
change in the magnetic structure were found in the mea-
surements repeated at 120 and 250 K. X-ray absorption
spectra were recorded simultaneously in partial fluores-
cence mode using an energy-dispersive detector.

Figure 1 shows the magnetic structure solved in the
present study along with the underlying crystal structure.
Sr3Ir2O7 was first reported to adopt the space group
I4= mmm [16] but was later assigned to Bbcb based on
single crystal diffraction and transmission electron micros-
copy [17–19]. In this orthorhombic structure, all neighbor-
ing octahedra are rotated in an opposite sense about the c
axis, breaking inversion symmetries with respect to the
shared oxygen ions and thereby allowing DM interactions.

The c-axis collinear AF structure [Fig. 1(b)] is unam-
biguously solved from analysis of data presented in
Figs. 2 and 3. Figure 2(a) shows magnetic Bragg peaks
scanned over a wide range of l, with (h, k) fixed at (1,0)
and (0,1). The crystallographically forbidden hþ k ¼ odd
reflections imply AF ordering within an IrO2 plane, and the
observed large intensity modulation along the l direction
reflects the bilayer magnetic structure factor. The magnetic
peaks were refined at each l, and the corresponding inten-
sities obtained from integrating rocking curves are plotted
in Fig. 2(b). The intensity modulation has a periodicity set
by the ratio between the lattice parameter c and the bilayer

distance d (see Fig. 1), i.e., c=d # 5:13 and agrees well
with the profile expected for AF ordering between two
neighboring IrO2 planes. Thus, it follows that all nearest-
neighbor pairs are AF ordered. The fact that the l scans do
not contain either (1 0 odd) or (0 1 even) reflections shows
that a single magnetic domain is sampled in our measure-
ment [15,20]. Figure 2(c) shows the temperature depen-
dence of the intensity of (0 1 19) reflection, which
disappears above# 285 K and correlates with the reported
anomalies in the magnetization and the resistivity data
[17], implying that these anomalies are associated with
the onset of long range AF ordering.
To determine the orientation of the magnetic moment,

we performed polarization analysis on two magnetic Bragg
peaks, as shown in Fig. 3. The (1 0 18) reflection was
recorded at the azimuthal angle ! ¼ 0$ defined such that
it is zero when the reference vector (1 0 0) is in the
scattering plane. The data show that (1 0 18) reflection
appears only in the !-" channel, demonstrating that the
component of the magnetic moment contributing to this
reflection is confined to the scattering plane defined by
(1 0 0) and (1 0 18) vectors. This implies the easy axis is in
the ac plane. Rotating ! by 90$, now (0 1 0) and (0 1 19)
vectors are contained in the scattering plane. In this

FIG. 1 (color online). (a) Crystal structure of Sr3Ir2O7 as
reported in Ref. [17]. Every neighboring IrO6 octahedra are
rotated in opposite sense about the c axis by ’ 12$.
(b) Magnetic order has a c-axis collinear G-type antiferromag-
netic structure. The up and down magnetic moments correlate
with counterclockwise and clockwise rotations of the IrO6

octahedra, respectively.

FIG. 2 (color online). (a) l scan measured in !-" polarization
channel showing magnetic Bragg peaks. (b) Integrated inten-
sities at each peak obtained from rocking curves (red dots). Red
solid (green dashed) line is bilayer structural factor expected for
antiferromagnetic (ferromagnetic) alignment of two adjacent
IrO2 planes in a bilayer expressed by cos2 2!d

c (sin2 2!d
c ).

(c) Temperature dependence of (0 1 19) peak.
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We used resonant inelastic x-ray scattering to reveal the nature of magnetic interactions in Sr2IrO4, a 5d
transition-metal oxide with a spin-orbit entangled ground state and Jeff ¼ 1=2 magnetic moments. The

magnon dispersion in Sr2IrO4 is well-described by an antiferromagnetic Heisenberg model with an

effective spin one-half on a square lattice, which renders the low-energy effective physics of Sr2IrO4 much

akin to that in superconducting cuprates. This point is further supported by the observation of exciton

modes in Sr2IrO4, whose dispersion is strongly renormalized by magnons, which can be understood by

analogy to hole propagation in the background of antiferromagnetically ordered spins in the cuprates.
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Quantum magnetism in transition-metal oxides (TMOs)
arises from superexchange interactions among spin mo-
ments that depend on spin-orbital configurations in the
ground and excited states. The array of magnetism in 3d
TMOs is now well-understood within the framework of
Goodenough-Kanamori-Anderson [1], which assumes
conservation of spin angular momentum in the virtual
charge fluctuations. However, it has been recently realized
that strong relativistic spin-orbit coupling (SOC) can dras-
tically modify the magnetic interactions and yield a far
richer spectrum of magnetic systems beyond the standard
picture. Such is the case in 5d TMOs, in which the energy
scale of SOC is on the order of 0.5 eV (as compared to
#10 meV in 3d TMOs). For example, A2IrO3 ((A ¼
Li;Na) is being discussed as a possible realization of the
long-sought-after Kitaev model with bond-dependent mag-
netic interactions [2–4]. Furthermore, strong SOC may
result in nontrivial band topology to realize exotic topo-
logical states of matter with broken time reversal symme-
try, such as a topological Mott insulator [5], a Weyl
semimetal, or an axion insulator [6]. Despite such intrigu-
ing proposals, the nature of magnetic interactions in sys-
tems with strong SOC remains experimentally an open
question.

In this Letter, we report on the magnetic interactions in a
5d TMO, Sr2IrO4, with a spin-orbit entangled ground state
carrying Jeff ¼ 1=2 moments [7,8], probed by resonant
inelastic x-ray scattering (RIXS). These Jeff ¼ 1=2 mo-
ments are distinct from pure spins because their interac-
tions are predicted to depend strongly on lattice and
bonding geometries [2] due to an admixture of spatially
anisotropic orbital moments in the Jeff ¼ 1=2 wave

function. In the particular case of corner-sharing oxygen
octahedra on a square lattice, relevant to Sr2IrO4 [9]
[Fig. 1(a)], the magnetic interactions of Jeff ¼ 1=2 mo-
ments are described by a pure Heisenberg model, barring
Hund’s coupling that contributes a weak dipolarlike an-
isotropy term [2,10]. This is surprising, considering that
strong SOC typically results in anisotropic magnetic cou-
plings that deviate from the pure Heisenberg-like spin
interaction in the weak SOC limit. A compelling outcome
is that a novel Heisenberg antiferromagnet can be realized

(a) (b)

Sr

O

Sr2IrO4

Ir

Jeff=1/2 moments

FIG. 1 (color online). (a) Because of a staggered in-layer
rotation of oxygen octahedra, Sr2IrO4 has four IrO2 layers in
the unit cell [9], which coincides with the magnetic unit cell.
(b) Jeff ¼ 1=2 moments lie and are canted in the IrO2 plane [8].
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FIG. 1. Single crystal of Hh1i-Li2IrO3 and the Ir lattice structure. (A) Single crystal oriented to

be parallel to the crystallographic axes shown in (C), (B) 3D view and (C) projection in the ab

plane. In (B) gray shading emphasizes the Ir (purple balls) honeycomb rows that run parallel to the

a± b diagonals, alternating upon moving along the c-axis. For simplicity only Li ions (grey balls)

located in the center of Ir honeycombs are shown. In (B) and (C) the rectangular box indicates

the unit cell. Comparing (A) and (C) we note that the ⇠70� angle between honeycomb rows is

evident in the crystalline morphology.

the spin-anisotropy of exchange across the Ir-O2-Ir bond from the temperature dependence

of the anisotropic magnetic susceptibility. The crystals are synthesized as described in

Methods. As shown in Figure 1A, the crystals are clearly faceted and typically around

100⇥100⇥200µm3 in size. In contrast to the monoclinic structure of the layered iridate, we

find that these materials are orthorhombic and belong to the non-symmorphic space group

Cccm, with lattice parameters a = 5.9119(3) Å, b = 8.4461(5) Å, c = 17.8363(10) Å (see SI

I in published version for details of the crystallography). The structure (shown in Figure 1B

and C) contains two interlaced honeycomb planes, the orientation of which alternate along

the c axis. The angle �0 between the honeycomb planes is fixed by the geometry of the

edge shared bonding of the IrO6 octahedra (see Figures 2A and 4A ). For cubic octahedra

cos�
o

= 1/3, namely �
o

⇡ 70�, as shown in Figure 2A. The x-ray refinement (see SI II

in published version) indicates that the stoichiometry is Li2IrO3, such that the Ir oxidation

state is Ir4+ 5d5 with an e↵ective Ir local moment of Je↵ = 1/2. The possibility of Li deficiency

in our samples could lead to some Ir5+ sites, however this is not expected to have a marked

e↵ect on the magnetism; in the case that spin-orbit coupling dominates over the Coulomb

4
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beam. The polarization of the scattered x rays was ana-
lyzed with pyrolytic graphite (0 0 8) and (0 0 10) reflec-
tions for the L3 and L2 edges, respectively. A single crystal
was mounted on a closed-cycle cryostat, and data were
collected at a temperature of about 5 K. No indications of
change in the magnetic structure were found in the mea-
surements repeated at 120 and 250 K. X-ray absorption
spectra were recorded simultaneously in partial fluores-
cence mode using an energy-dispersive detector.

Figure 1 shows the magnetic structure solved in the
present study along with the underlying crystal structure.
Sr3Ir2O7 was first reported to adopt the space group
I4= mmm [16] but was later assigned to Bbcb based on
single crystal diffraction and transmission electron micros-
copy [17–19]. In this orthorhombic structure, all neighbor-
ing octahedra are rotated in an opposite sense about the c
axis, breaking inversion symmetries with respect to the
shared oxygen ions and thereby allowing DM interactions.

The c-axis collinear AF structure [Fig. 1(b)] is unam-
biguously solved from analysis of data presented in
Figs. 2 and 3. Figure 2(a) shows magnetic Bragg peaks
scanned over a wide range of l, with (h, k) fixed at (1,0)
and (0,1). The crystallographically forbidden hþ k ¼ odd
reflections imply AF ordering within an IrO2 plane, and the
observed large intensity modulation along the l direction
reflects the bilayer magnetic structure factor. The magnetic
peaks were refined at each l, and the corresponding inten-
sities obtained from integrating rocking curves are plotted
in Fig. 2(b). The intensity modulation has a periodicity set
by the ratio between the lattice parameter c and the bilayer

distance d (see Fig. 1), i.e., c=d # 5:13 and agrees well
with the profile expected for AF ordering between two
neighboring IrO2 planes. Thus, it follows that all nearest-
neighbor pairs are AF ordered. The fact that the l scans do
not contain either (1 0 odd) or (0 1 even) reflections shows
that a single magnetic domain is sampled in our measure-
ment [15,20]. Figure 2(c) shows the temperature depen-
dence of the intensity of (0 1 19) reflection, which
disappears above# 285 K and correlates with the reported
anomalies in the magnetization and the resistivity data
[17], implying that these anomalies are associated with
the onset of long range AF ordering.
To determine the orientation of the magnetic moment,

we performed polarization analysis on two magnetic Bragg
peaks, as shown in Fig. 3. The (1 0 18) reflection was
recorded at the azimuthal angle ! ¼ 0$ defined such that
it is zero when the reference vector (1 0 0) is in the
scattering plane. The data show that (1 0 18) reflection
appears only in the !-" channel, demonstrating that the
component of the magnetic moment contributing to this
reflection is confined to the scattering plane defined by
(1 0 0) and (1 0 18) vectors. This implies the easy axis is in
the ac plane. Rotating ! by 90$, now (0 1 0) and (0 1 19)
vectors are contained in the scattering plane. In this

FIG. 1 (color online). (a) Crystal structure of Sr3Ir2O7 as
reported in Ref. [17]. Every neighboring IrO6 octahedra are
rotated in opposite sense about the c axis by ’ 12$.
(b) Magnetic order has a c-axis collinear G-type antiferromag-
netic structure. The up and down magnetic moments correlate
with counterclockwise and clockwise rotations of the IrO6

octahedra, respectively.

FIG. 2 (color online). (a) l scan measured in !-" polarization
channel showing magnetic Bragg peaks. (b) Integrated inten-
sities at each peak obtained from rocking curves (red dots). Red
solid (green dashed) line is bilayer structural factor expected for
antiferromagnetic (ferromagnetic) alignment of two adjacent
IrO2 planes in a bilayer expressed by cos2 2!d

c (sin2 2!d
c ).

(c) Temperature dependence of (0 1 19) peak.
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We used resonant inelastic x-ray scattering to reveal the nature of magnetic interactions in Sr2IrO4, a 5d
transition-metal oxide with a spin-orbit entangled ground state and Jeff ¼ 1=2 magnetic moments. The

magnon dispersion in Sr2IrO4 is well-described by an antiferromagnetic Heisenberg model with an

effective spin one-half on a square lattice, which renders the low-energy effective physics of Sr2IrO4 much

akin to that in superconducting cuprates. This point is further supported by the observation of exciton

modes in Sr2IrO4, whose dispersion is strongly renormalized by magnons, which can be understood by

analogy to hole propagation in the background of antiferromagnetically ordered spins in the cuprates.
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Quantum magnetism in transition-metal oxides (TMOs)
arises from superexchange interactions among spin mo-
ments that depend on spin-orbital configurations in the
ground and excited states. The array of magnetism in 3d
TMOs is now well-understood within the framework of
Goodenough-Kanamori-Anderson [1], which assumes
conservation of spin angular momentum in the virtual
charge fluctuations. However, it has been recently realized
that strong relativistic spin-orbit coupling (SOC) can dras-
tically modify the magnetic interactions and yield a far
richer spectrum of magnetic systems beyond the standard
picture. Such is the case in 5d TMOs, in which the energy
scale of SOC is on the order of 0.5 eV (as compared to
#10 meV in 3d TMOs). For example, A2IrO3 ((A ¼
Li;Na) is being discussed as a possible realization of the
long-sought-after Kitaev model with bond-dependent mag-
netic interactions [2–4]. Furthermore, strong SOC may
result in nontrivial band topology to realize exotic topo-
logical states of matter with broken time reversal symme-
try, such as a topological Mott insulator [5], a Weyl
semimetal, or an axion insulator [6]. Despite such intrigu-
ing proposals, the nature of magnetic interactions in sys-
tems with strong SOC remains experimentally an open
question.

In this Letter, we report on the magnetic interactions in a
5d TMO, Sr2IrO4, with a spin-orbit entangled ground state
carrying Jeff ¼ 1=2 moments [7,8], probed by resonant
inelastic x-ray scattering (RIXS). These Jeff ¼ 1=2 mo-
ments are distinct from pure spins because their interac-
tions are predicted to depend strongly on lattice and
bonding geometries [2] due to an admixture of spatially
anisotropic orbital moments in the Jeff ¼ 1=2 wave

function. In the particular case of corner-sharing oxygen
octahedra on a square lattice, relevant to Sr2IrO4 [9]
[Fig. 1(a)], the magnetic interactions of Jeff ¼ 1=2 mo-
ments are described by a pure Heisenberg model, barring
Hund’s coupling that contributes a weak dipolarlike an-
isotropy term [2,10]. This is surprising, considering that
strong SOC typically results in anisotropic magnetic cou-
plings that deviate from the pure Heisenberg-like spin
interaction in the weak SOC limit. A compelling outcome
is that a novel Heisenberg antiferromagnet can be realized

(a) (b)

Sr

O

Sr2IrO4

Ir

Jeff=1/2 moments

FIG. 1 (color online). (a) Because of a staggered in-layer
rotation of oxygen octahedra, Sr2IrO4 has four IrO2 layers in
the unit cell [9], which coincides with the magnetic unit cell.
(b) Jeff ¼ 1=2 moments lie and are canted in the IrO2 plane [8].
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FIG. 1. Single crystal of Hh1i-Li2IrO3 and the Ir lattice structure. (A) Single crystal oriented to

be parallel to the crystallographic axes shown in (C), (B) 3D view and (C) projection in the ab

plane. In (B) gray shading emphasizes the Ir (purple balls) honeycomb rows that run parallel to the

a± b diagonals, alternating upon moving along the c-axis. For simplicity only Li ions (grey balls)

located in the center of Ir honeycombs are shown. In (B) and (C) the rectangular box indicates

the unit cell. Comparing (A) and (C) we note that the ⇠70� angle between honeycomb rows is

evident in the crystalline morphology.

the spin-anisotropy of exchange across the Ir-O2-Ir bond from the temperature dependence

of the anisotropic magnetic susceptibility. The crystals are synthesized as described in

Methods. As shown in Figure 1A, the crystals are clearly faceted and typically around

100⇥100⇥200µm3 in size. In contrast to the monoclinic structure of the layered iridate, we

find that these materials are orthorhombic and belong to the non-symmorphic space group

Cccm, with lattice parameters a = 5.9119(3) Å, b = 8.4461(5) Å, c = 17.8363(10) Å (see SI

I in published version for details of the crystallography). The structure (shown in Figure 1B

and C) contains two interlaced honeycomb planes, the orientation of which alternate along

the c axis. The angle �0 between the honeycomb planes is fixed by the geometry of the

edge shared bonding of the IrO6 octahedra (see Figures 2A and 4A ). For cubic octahedra

cos�
o

= 1/3, namely �
o

⇡ 70�, as shown in Figure 2A. The x-ray refinement (see SI II

in published version) indicates that the stoichiometry is Li2IrO3, such that the Ir oxidation

state is Ir4+ 5d5 with an e↵ective Ir local moment of Je↵ = 1/2. The possibility of Li deficiency

in our samples could lead to some Ir5+ sites, however this is not expected to have a marked

e↵ect on the magnetism; in the case that spin-orbit coupling dominates over the Coulomb

4



 ’Zoo’ of Iridate compounds

beam. The polarization of the scattered x rays was ana-
lyzed with pyrolytic graphite (0 0 8) and (0 0 10) reflec-
tions for the L3 and L2 edges, respectively. A single crystal
was mounted on a closed-cycle cryostat, and data were
collected at a temperature of about 5 K. No indications of
change in the magnetic structure were found in the mea-
surements repeated at 120 and 250 K. X-ray absorption
spectra were recorded simultaneously in partial fluores-
cence mode using an energy-dispersive detector.

Figure 1 shows the magnetic structure solved in the
present study along with the underlying crystal structure.
Sr3Ir2O7 was first reported to adopt the space group
I4= mmm [16] but was later assigned to Bbcb based on
single crystal diffraction and transmission electron micros-
copy [17–19]. In this orthorhombic structure, all neighbor-
ing octahedra are rotated in an opposite sense about the c
axis, breaking inversion symmetries with respect to the
shared oxygen ions and thereby allowing DM interactions.

The c-axis collinear AF structure [Fig. 1(b)] is unam-
biguously solved from analysis of data presented in
Figs. 2 and 3. Figure 2(a) shows magnetic Bragg peaks
scanned over a wide range of l, with (h, k) fixed at (1,0)
and (0,1). The crystallographically forbidden hþ k ¼ odd
reflections imply AF ordering within an IrO2 plane, and the
observed large intensity modulation along the l direction
reflects the bilayer magnetic structure factor. The magnetic
peaks were refined at each l, and the corresponding inten-
sities obtained from integrating rocking curves are plotted
in Fig. 2(b). The intensity modulation has a periodicity set
by the ratio between the lattice parameter c and the bilayer

distance d (see Fig. 1), i.e., c=d # 5:13 and agrees well
with the profile expected for AF ordering between two
neighboring IrO2 planes. Thus, it follows that all nearest-
neighbor pairs are AF ordered. The fact that the l scans do
not contain either (1 0 odd) or (0 1 even) reflections shows
that a single magnetic domain is sampled in our measure-
ment [15,20]. Figure 2(c) shows the temperature depen-
dence of the intensity of (0 1 19) reflection, which
disappears above# 285 K and correlates with the reported
anomalies in the magnetization and the resistivity data
[17], implying that these anomalies are associated with
the onset of long range AF ordering.
To determine the orientation of the magnetic moment,

we performed polarization analysis on two magnetic Bragg
peaks, as shown in Fig. 3. The (1 0 18) reflection was
recorded at the azimuthal angle ! ¼ 0$ defined such that
it is zero when the reference vector (1 0 0) is in the
scattering plane. The data show that (1 0 18) reflection
appears only in the !-" channel, demonstrating that the
component of the magnetic moment contributing to this
reflection is confined to the scattering plane defined by
(1 0 0) and (1 0 18) vectors. This implies the easy axis is in
the ac plane. Rotating ! by 90$, now (0 1 0) and (0 1 19)
vectors are contained in the scattering plane. In this

FIG. 1 (color online). (a) Crystal structure of Sr3Ir2O7 as
reported in Ref. [17]. Every neighboring IrO6 octahedra are
rotated in opposite sense about the c axis by ’ 12$.
(b) Magnetic order has a c-axis collinear G-type antiferromag-
netic structure. The up and down magnetic moments correlate
with counterclockwise and clockwise rotations of the IrO6

octahedra, respectively.

FIG. 2 (color online). (a) l scan measured in !-" polarization
channel showing magnetic Bragg peaks. (b) Integrated inten-
sities at each peak obtained from rocking curves (red dots). Red
solid (green dashed) line is bilayer structural factor expected for
antiferromagnetic (ferromagnetic) alignment of two adjacent
IrO2 planes in a bilayer expressed by cos2 2!d

c (sin2 2!d
c ).

(c) Temperature dependence of (0 1 19) peak.
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We used resonant inelastic x-ray scattering to reveal the nature of magnetic interactions in Sr2IrO4, a 5d
transition-metal oxide with a spin-orbit entangled ground state and Jeff ¼ 1=2 magnetic moments. The

magnon dispersion in Sr2IrO4 is well-described by an antiferromagnetic Heisenberg model with an

effective spin one-half on a square lattice, which renders the low-energy effective physics of Sr2IrO4 much

akin to that in superconducting cuprates. This point is further supported by the observation of exciton

modes in Sr2IrO4, whose dispersion is strongly renormalized by magnons, which can be understood by

analogy to hole propagation in the background of antiferromagnetically ordered spins in the cuprates.
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Quantum magnetism in transition-metal oxides (TMOs)
arises from superexchange interactions among spin mo-
ments that depend on spin-orbital configurations in the
ground and excited states. The array of magnetism in 3d
TMOs is now well-understood within the framework of
Goodenough-Kanamori-Anderson [1], which assumes
conservation of spin angular momentum in the virtual
charge fluctuations. However, it has been recently realized
that strong relativistic spin-orbit coupling (SOC) can dras-
tically modify the magnetic interactions and yield a far
richer spectrum of magnetic systems beyond the standard
picture. Such is the case in 5d TMOs, in which the energy
scale of SOC is on the order of 0.5 eV (as compared to
#10 meV in 3d TMOs). For example, A2IrO3 ((A ¼
Li;Na) is being discussed as a possible realization of the
long-sought-after Kitaev model with bond-dependent mag-
netic interactions [2–4]. Furthermore, strong SOC may
result in nontrivial band topology to realize exotic topo-
logical states of matter with broken time reversal symme-
try, such as a topological Mott insulator [5], a Weyl
semimetal, or an axion insulator [6]. Despite such intrigu-
ing proposals, the nature of magnetic interactions in sys-
tems with strong SOC remains experimentally an open
question.

In this Letter, we report on the magnetic interactions in a
5d TMO, Sr2IrO4, with a spin-orbit entangled ground state
carrying Jeff ¼ 1=2 moments [7,8], probed by resonant
inelastic x-ray scattering (RIXS). These Jeff ¼ 1=2 mo-
ments are distinct from pure spins because their interac-
tions are predicted to depend strongly on lattice and
bonding geometries [2] due to an admixture of spatially
anisotropic orbital moments in the Jeff ¼ 1=2 wave

function. In the particular case of corner-sharing oxygen
octahedra on a square lattice, relevant to Sr2IrO4 [9]
[Fig. 1(a)], the magnetic interactions of Jeff ¼ 1=2 mo-
ments are described by a pure Heisenberg model, barring
Hund’s coupling that contributes a weak dipolarlike an-
isotropy term [2,10]. This is surprising, considering that
strong SOC typically results in anisotropic magnetic cou-
plings that deviate from the pure Heisenberg-like spin
interaction in the weak SOC limit. A compelling outcome
is that a novel Heisenberg antiferromagnet can be realized

(a) (b)

Sr

O

Sr2IrO4

Ir

Jeff=1/2 moments

FIG. 1 (color online). (a) Because of a staggered in-layer
rotation of oxygen octahedra, Sr2IrO4 has four IrO2 layers in
the unit cell [9], which coincides with the magnetic unit cell.
(b) Jeff ¼ 1=2 moments lie and are canted in the IrO2 plane [8].
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FIG. 1. Single crystal of Hh1i-Li2IrO3 and the Ir lattice structure. (A) Single crystal oriented to

be parallel to the crystallographic axes shown in (C), (B) 3D view and (C) projection in the ab

plane. In (B) gray shading emphasizes the Ir (purple balls) honeycomb rows that run parallel to the

a± b diagonals, alternating upon moving along the c-axis. For simplicity only Li ions (grey balls)

located in the center of Ir honeycombs are shown. In (B) and (C) the rectangular box indicates

the unit cell. Comparing (A) and (C) we note that the ⇠70� angle between honeycomb rows is

evident in the crystalline morphology.

the spin-anisotropy of exchange across the Ir-O2-Ir bond from the temperature dependence

of the anisotropic magnetic susceptibility. The crystals are synthesized as described in

Methods. As shown in Figure 1A, the crystals are clearly faceted and typically around

100⇥100⇥200µm3 in size. In contrast to the monoclinic structure of the layered iridate, we

find that these materials are orthorhombic and belong to the non-symmorphic space group

Cccm, with lattice parameters a = 5.9119(3) Å, b = 8.4461(5) Å, c = 17.8363(10) Å (see SI

I in published version for details of the crystallography). The structure (shown in Figure 1B

and C) contains two interlaced honeycomb planes, the orientation of which alternate along

the c axis. The angle �0 between the honeycomb planes is fixed by the geometry of the

edge shared bonding of the IrO6 octahedra (see Figures 2A and 4A ). For cubic octahedra

cos�
o

= 1/3, namely �
o

⇡ 70�, as shown in Figure 2A. The x-ray refinement (see SI II

in published version) indicates that the stoichiometry is Li2IrO3, such that the Ir oxidation

state is Ir4+ 5d5 with an e↵ective Ir local moment of Je↵ = 1/2. The possibility of Li deficiency

in our samples could lead to some Ir5+ sites, however this is not expected to have a marked

e↵ect on the magnetism; in the case that spin-orbit coupling dominates over the Coulomb
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beam. The polarization of the scattered x rays was ana-
lyzed with pyrolytic graphite (0 0 8) and (0 0 10) reflec-
tions for the L3 and L2 edges, respectively. A single crystal
was mounted on a closed-cycle cryostat, and data were
collected at a temperature of about 5 K. No indications of
change in the magnetic structure were found in the mea-
surements repeated at 120 and 250 K. X-ray absorption
spectra were recorded simultaneously in partial fluores-
cence mode using an energy-dispersive detector.

Figure 1 shows the magnetic structure solved in the
present study along with the underlying crystal structure.
Sr3Ir2O7 was first reported to adopt the space group
I4= mmm [16] but was later assigned to Bbcb based on
single crystal diffraction and transmission electron micros-
copy [17–19]. In this orthorhombic structure, all neighbor-
ing octahedra are rotated in an opposite sense about the c
axis, breaking inversion symmetries with respect to the
shared oxygen ions and thereby allowing DM interactions.

The c-axis collinear AF structure [Fig. 1(b)] is unam-
biguously solved from analysis of data presented in
Figs. 2 and 3. Figure 2(a) shows magnetic Bragg peaks
scanned over a wide range of l, with (h, k) fixed at (1,0)
and (0,1). The crystallographically forbidden hþ k ¼ odd
reflections imply AF ordering within an IrO2 plane, and the
observed large intensity modulation along the l direction
reflects the bilayer magnetic structure factor. The magnetic
peaks were refined at each l, and the corresponding inten-
sities obtained from integrating rocking curves are plotted
in Fig. 2(b). The intensity modulation has a periodicity set
by the ratio between the lattice parameter c and the bilayer

distance d (see Fig. 1), i.e., c=d # 5:13 and agrees well
with the profile expected for AF ordering between two
neighboring IrO2 planes. Thus, it follows that all nearest-
neighbor pairs are AF ordered. The fact that the l scans do
not contain either (1 0 odd) or (0 1 even) reflections shows
that a single magnetic domain is sampled in our measure-
ment [15,20]. Figure 2(c) shows the temperature depen-
dence of the intensity of (0 1 19) reflection, which
disappears above# 285 K and correlates with the reported
anomalies in the magnetization and the resistivity data
[17], implying that these anomalies are associated with
the onset of long range AF ordering.
To determine the orientation of the magnetic moment,

we performed polarization analysis on two magnetic Bragg
peaks, as shown in Fig. 3. The (1 0 18) reflection was
recorded at the azimuthal angle ! ¼ 0$ defined such that
it is zero when the reference vector (1 0 0) is in the
scattering plane. The data show that (1 0 18) reflection
appears only in the !-" channel, demonstrating that the
component of the magnetic moment contributing to this
reflection is confined to the scattering plane defined by
(1 0 0) and (1 0 18) vectors. This implies the easy axis is in
the ac plane. Rotating ! by 90$, now (0 1 0) and (0 1 19)
vectors are contained in the scattering plane. In this

FIG. 1 (color online). (a) Crystal structure of Sr3Ir2O7 as
reported in Ref. [17]. Every neighboring IrO6 octahedra are
rotated in opposite sense about the c axis by ’ 12$.
(b) Magnetic order has a c-axis collinear G-type antiferromag-
netic structure. The up and down magnetic moments correlate
with counterclockwise and clockwise rotations of the IrO6

octahedra, respectively.

FIG. 2 (color online). (a) l scan measured in !-" polarization
channel showing magnetic Bragg peaks. (b) Integrated inten-
sities at each peak obtained from rocking curves (red dots). Red
solid (green dashed) line is bilayer structural factor expected for
antiferromagnetic (ferromagnetic) alignment of two adjacent
IrO2 planes in a bilayer expressed by cos2 2!d

c (sin2 2!d
c ).

(c) Temperature dependence of (0 1 19) peak.
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We used resonant inelastic x-ray scattering to reveal the nature of magnetic interactions in Sr2IrO4, a 5d
transition-metal oxide with a spin-orbit entangled ground state and Jeff ¼ 1=2 magnetic moments. The

magnon dispersion in Sr2IrO4 is well-described by an antiferromagnetic Heisenberg model with an

effective spin one-half on a square lattice, which renders the low-energy effective physics of Sr2IrO4 much

akin to that in superconducting cuprates. This point is further supported by the observation of exciton

modes in Sr2IrO4, whose dispersion is strongly renormalized by magnons, which can be understood by

analogy to hole propagation in the background of antiferromagnetically ordered spins in the cuprates.
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Quantum magnetism in transition-metal oxides (TMOs)
arises from superexchange interactions among spin mo-
ments that depend on spin-orbital configurations in the
ground and excited states. The array of magnetism in 3d
TMOs is now well-understood within the framework of
Goodenough-Kanamori-Anderson [1], which assumes
conservation of spin angular momentum in the virtual
charge fluctuations. However, it has been recently realized
that strong relativistic spin-orbit coupling (SOC) can dras-
tically modify the magnetic interactions and yield a far
richer spectrum of magnetic systems beyond the standard
picture. Such is the case in 5d TMOs, in which the energy
scale of SOC is on the order of 0.5 eV (as compared to
#10 meV in 3d TMOs). For example, A2IrO3 ((A ¼
Li;Na) is being discussed as a possible realization of the
long-sought-after Kitaev model with bond-dependent mag-
netic interactions [2–4]. Furthermore, strong SOC may
result in nontrivial band topology to realize exotic topo-
logical states of matter with broken time reversal symme-
try, such as a topological Mott insulator [5], a Weyl
semimetal, or an axion insulator [6]. Despite such intrigu-
ing proposals, the nature of magnetic interactions in sys-
tems with strong SOC remains experimentally an open
question.

In this Letter, we report on the magnetic interactions in a
5d TMO, Sr2IrO4, with a spin-orbit entangled ground state
carrying Jeff ¼ 1=2 moments [7,8], probed by resonant
inelastic x-ray scattering (RIXS). These Jeff ¼ 1=2 mo-
ments are distinct from pure spins because their interac-
tions are predicted to depend strongly on lattice and
bonding geometries [2] due to an admixture of spatially
anisotropic orbital moments in the Jeff ¼ 1=2 wave

function. In the particular case of corner-sharing oxygen
octahedra on a square lattice, relevant to Sr2IrO4 [9]
[Fig. 1(a)], the magnetic interactions of Jeff ¼ 1=2 mo-
ments are described by a pure Heisenberg model, barring
Hund’s coupling that contributes a weak dipolarlike an-
isotropy term [2,10]. This is surprising, considering that
strong SOC typically results in anisotropic magnetic cou-
plings that deviate from the pure Heisenberg-like spin
interaction in the weak SOC limit. A compelling outcome
is that a novel Heisenberg antiferromagnet can be realized

(a) (b)

Sr
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Sr2IrO4

Ir

Jeff=1/2 moments

FIG. 1 (color online). (a) Because of a staggered in-layer
rotation of oxygen octahedra, Sr2IrO4 has four IrO2 layers in
the unit cell [9], which coincides with the magnetic unit cell.
(b) Jeff ¼ 1=2 moments lie and are canted in the IrO2 plane [8].
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FIG. 1. Single crystal of Hh1i-Li2IrO3 and the Ir lattice structure. (A) Single crystal oriented to

be parallel to the crystallographic axes shown in (C), (B) 3D view and (C) projection in the ab

plane. In (B) gray shading emphasizes the Ir (purple balls) honeycomb rows that run parallel to the

a± b diagonals, alternating upon moving along the c-axis. For simplicity only Li ions (grey balls)

located in the center of Ir honeycombs are shown. In (B) and (C) the rectangular box indicates

the unit cell. Comparing (A) and (C) we note that the ⇠70� angle between honeycomb rows is

evident in the crystalline morphology.

the spin-anisotropy of exchange across the Ir-O2-Ir bond from the temperature dependence

of the anisotropic magnetic susceptibility. The crystals are synthesized as described in

Methods. As shown in Figure 1A, the crystals are clearly faceted and typically around

100⇥100⇥200µm3 in size. In contrast to the monoclinic structure of the layered iridate, we

find that these materials are orthorhombic and belong to the non-symmorphic space group

Cccm, with lattice parameters a = 5.9119(3) Å, b = 8.4461(5) Å, c = 17.8363(10) Å (see SI

I in published version for details of the crystallography). The structure (shown in Figure 1B

and C) contains two interlaced honeycomb planes, the orientation of which alternate along

the c axis. The angle �0 between the honeycomb planes is fixed by the geometry of the

edge shared bonding of the IrO6 octahedra (see Figures 2A and 4A ). For cubic octahedra

cos�
o

= 1/3, namely �
o

⇡ 70�, as shown in Figure 2A. The x-ray refinement (see SI II

in published version) indicates that the stoichiometry is Li2IrO3, such that the Ir oxidation

state is Ir4+ 5d5 with an e↵ective Ir local moment of Je↵ = 1/2. The possibility of Li deficiency

in our samples could lead to some Ir5+ sites, however this is not expected to have a marked

e↵ect on the magnetism; in the case that spin-orbit coupling dominates over the Coulomb
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We investigated the electronic structure of 5d transition-metal oxide Sr2IrO4 using angle-resolved

photoemission, optical conductivity, x-ray absorption measurements, and first-principles band calcula-

tions. The system was found to be well described by novel effective total angular momentum Jeff states, in
which the relativistic spin-orbit coupling is fully taken into account under a large crystal field. Despite

delocalized Ir 5d states, the Jeff states form such narrow bands that even a small correlation energy leads to

the Jeff ¼ 1=2Mott ground state with unique electronic and magnetic behaviors, suggesting a new class of

Jeff quantum spin driven correlated-electron phenomena.
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Mott physics based on the Hubbard Hamiltonian, which
is at the root of various noble physical phenomena such as
metal-insulator transitions, magnetic spin orders, high TC
superconductivity, colossal magneto-resistance, and quan-
tum criticality, has been adopted to explain electrical and
magnetic properties of various materials in the last several
decades [1–5]. Great success has been achieved in 3d
transition-metal oxides (TMOs), in which the localized
3d states yield strongly correlated narrow bands with a
large on-site Coulomb repulsion U and a small band width
W. As predicted, most stoichiometric 3d TMOs are anti-
ferromagnetic (AFM) Mott insulators [5]. On the other
hand, 4d and 5d TMOs were considered as weakly-
correlated wide band systems with largely reduced U due
to delocalized 4d and 5d states [6]. Anomalous insulating
behaviors were recently reported in some 4d and 5d TMOs
[7–10], and the importance of correlation effects was rec-
ognized in 4d TMOs such as Ca2RuO4 and Y2Ru2O7,
which were interpreted as Mott insulators near the border
line of the Mott criteria, i.e., U#W [7]. However, as 5d
states are spatially more extended and U is expected to be
further reduced, insulating behaviors in 5d TMOs such as
Sr2IrO4 and Cd2Os2O7 have been puzzling [8,9].

Sr2IrO4 crystallizes in the K2NiF4 structure as La2CuO4

and its 4d counterpart Sr2RhO4 [8,11]. Considering its odd
number of electrons per unit formula (5d5), one expects a
metallic state in a naı̈ve band picture. Indeed Sr2RhO4

(4d5) is a Fermi liquid metal. Its Fermi surface (FS) mea-
sured by the angle-resolved photoemission spectroscopy
(ARPES) agrees well with the band calculation results
[12,13]. Since both systems have identical atomic arrange-
ments with nearly the same lattice constants and bond
angles [8,11], one expects almost the same FS topology.

Sr2IrO4, however, is unexpectedly an insulator with weak
ferromagnetism [8]. At this point, it is natural to consider
the spin-orbit (SO) coupling as a candidate responsible for
the insulating nature since its energy is much larger than
that in 3d and 4d systems. Recent band calculations
showed that the electronic states near EF can be modified
considerably by the SO coupling in 5d systems, and sug-
gested a new possibility of the Mott instability [14]. It indi-
cates that the correlation effects can be important even in
5d TMOs when combined with strong SO coupling.
In this Letter, we show formation of new quantum state

bands with effective total angular momentum Jeff in 5d
electron systems under a large crystal field, in which the
SO coupling is fully taken into account, and also report for
the first time manifestation of a novel Jeff ¼ 1=2 Mott
ground state realized in Sr2IrO4 by using ARPES, optical
conductivity, and x-ray absorption spectroscopy (XAS)
and first-principles band calculations. This new Mott
ground state exhibits novel electronic and magnetic behav-
ior, for example, spin-orbit integrated narrow bands and an
exotic orbital dominated local magnetic moment, suggest-
ing a new class of the Jeff quantum spin driven correlated-
electron phenomena.
Single crystals of Sr2IrO4 were grown by flux method

[15]. ARPES spectra were obtained at 100 K from cleaved
surfaces in situ under vacuum of 1$ 10"11 Torr at the
beamline 7.0.1 of the Advanced Light Source with h! ¼
85 eV and !E ¼ 30 meV. The chemical potential " was
referred to EF of electrically connected Au. The band
calculations were performed by using first-principles
density-functional-theory codes with LDA and LDAþU
methods [16]. The optical reflectivity Rð!Þ was measured
at 100 K between 5 meV and 30 eV and the conductivity
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!ð!Þ was obtained by using Kramers-Kronig (KK) trans-
formation. The validity of KK analysis was checked by
independent ellipsometry measurements between 0.6 and
6.4 eV. XAS spectra were obtained at 80 K under vacuum
of 5# 10$10 Torr at the Beamline 2A of the Pohang Light
Source with !h" ¼ 0:1 eV.

Here we propose a schematic model for emergence of a
novel Mott ground state by a large SO coupling energy #SO
as shown in Fig. 1. Under the Oh symmetry the 5d states
are split into t2g and eg orbital states by the crystal field
energy 10Dq. In general, 4d and 5d TMOs have suffi-
ciently large 10Dq to yield a t52g low-spin state for

Sr2IrO4, and thus the system would become a metal with
partially filled wide t2g band [Fig. 1(a)]. An unrealistically
large U & W could lead to a typical spin S ¼ 1=2 Mott
insulator [Fig. 1(b)]. However, a reasonable U cannot lead
to an insulating state as seen from the fact that Sr2RhO4

is a normal metal. As the SO coupling is taken into
account, the t2g states effectively correspond to the orbital

angular momentum L ¼ 1 states with  ml¼'1 ¼ (ðjzxi'
ijyziÞ=

ffiffiffi
2

p
and  ml¼0 ¼ jxyi. In the strong SO coupling

limit, the t2g band splits into effective total angular mo-
mentum Jeff ¼ 1=2 doublet and Jeff ¼ 3=2 quartet bands
[Fig. 1(c)] [17]. Note that the Jeff ¼ 1=2 is energetically
higher than the Jeff ¼ 3=2, seemingly against the Hund’s
rule, since the Jeff ¼ 1=2 is branched off from the J5=2
(5d5=2) manifold due to the large crystal field as depicted in
Fig. 1(e). As a result, with the filled Jeff ¼ 3=2 band and

one remaining electron in the Jeff ¼ 1=2 band, the system
is effectively reduced to a half-filled Jeff ¼ 1=2 single band
system [Fig. 1(c)]. The Jeff ¼ 1=2 spin-orbit integrated
states form a narrow band so that even small U opens a
Mott gap, making it a Jeff ¼ 1=2Mott insulator [Fig. 1(d)].
The narrow band width is due to reduced hopping elements
of the Jeff ¼ 1=2 states with isotropic orbital and mixed
spin characters. The formation of the Jeff bands due to the
large #SO explains why Sr2IrO4 (#SO ) 0:4 eV) is insulat-
ing while Sr2RhO4 (#SO ) 0:15 eV) is metallic.
The Jeff band formation is well justified in the LDA and

LDAþU calculations on Sr2IrO4 with and without in-
cluding the SO coupling presented in Fig. 2. The LDA
result [Fig. 2(a)] yields a metal with a wide t2g band as in
Fig. 1(a), and the Fermi surface (FS) is nearly identical to
that of Sr2RhO4 [12,13]. The FS, composed of one-
dimensional yz and zx bands, is represented by holelike
$ and %X sheets and an electronlike %M sheet centered at
", X, and M points, respectively [12]. As the SO coupling
is included [Fig. 2(b)], the FS becomes rounded but retains
the overall topology. Despite small variations in the FS
topology, the band structure changes remarkably: Two
narrow bands crossing EF are split off from the rest due

FIG. 1. Schematic energy diagrams for the 5d5 (t52g) configu-
ration (a) without SO and U, (b) with an unrealistically large U
but no SO, (c) with SO but no U, and (d) with SO and U.
Possible optical transitions A and B are indicated by arrows.
(e) 5d level splittings by the crystal field and SO coupling.
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FIG. 2 (color online). Theoretical Fermi surfaces and band
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(2 eV), and (d) LDAþU. In (c), the left panel shows topology
of valence band maxima (EB ¼ 0:2 eV) instead of the FS.
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass

2

isospin up z=0spin up, l z=1spin down, l

+=

FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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The first Kitaev term (K) originates from the combined effects of the anion mediated super-
exchange and Hund’s coupling, as discussed in the main text. All available theoretical methods, 
including perturbation theory, ab-initio and quantum chemistry calculations, suggest that Kitaev 
term largely dominates the other two terms and is ferromagnetic (K < 0)23,58,78. The so-called off-
diagonal symmetric anisotropy, the  term, is of next-to-leading order and requires both direct d-
d and anion mediated d-p electron transfer77. The last isotropic Heisenberg term is of 
antiferromagnetic type (J > 0).  It has the smallest strength since it predominantly originates 
from the weak direct d-d hybridization.  

The above minimal model has been extensively studied by analytical and numerical techniques, 
and the extremely rich phase behavior is now understood76,77,112,124,125.  For  =  the model 
supports four magnetically ordered phases with collinear spin patterns (spins aligned parallel) of 
ferro, antiferro, stripy, and zig-zag types76,112. Most remarkably, the phase diagram includes a 
finite stability windows of QSL phase around the Kitaev limit J = 0. Finite  further enriches the 
phase diagram by adding non-collinear and incommensurate spiral phases77. 

The experimentally detected zig-zag magnetic ordering in Na2IrO3 and -RuCl3 compounds 
appears on the theoretical phase diagram of the minimal nearest-neighbor model for 
antiferromagnetic Kitaev coupling (K > 0). However, it is widely believed that the Kitaev term in 
these compounds is of ferromagnetic type instead. It has therefore been proposed that longer-
range exchange couplings, beyond nearest-neighbor one, are responsible to stabilize the zig-
zag order56,81 observed in Na2IrO3 and -RuCl3. Indeed, the ab-initio parametrization of further 
neighbor interactions indicate that they become sizable in these compounds58. 

All compounds reported so far are distorted: the anion octahedra are typically squashed along 
the trigonal axis perpendicular to the honeycomb plane and the honeycomb bonds’ length 
appear to be different in some compounds. The non-cubic crystal field due to distorted 
octahedra mixes Jeff = 1/2 and Jeff = 3/2 states. The ground state remains doubly degenerate, 
protected by time reversal symmetry, and can be still described by pseudo-spin one-half. 
However, as the associated wave function becomes modified, the destructive quantum 
interference, mentioned above, is no longer exact and the isotropic Heisenberg term becomes 
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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The generic nearest-neighbor (NN) exchange Hamiltonian for the undistorted layered hexagonal 
A2IrO3 and -RuCl3 compounds includes three symmetry allowed terms23,76-80,123 
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Here,  ⟨𝑖𝑗⟩(𝛾) marks the three inequivalent NN bonds, ( ) = (x), (y), or (z) type, of the magnetic 

honeycomb sublattice, 𝑆𝑖
𝛼(𝛽)  and 𝑆𝑖

𝛾 respectively stand for the in-plane and out-of-plane 
Cartesian components of the S = 1/2 pseudo-spins in the Ir-O2-Ir plane, labeling the Jeff = 1/2 
Kramers pairs. 

The first Kitaev term (K) originates from the combined effects of the anion mediated super-
exchange and Hund’s coupling, as discussed in the main text. All available theoretical methods, 
including perturbation theory, ab-initio and quantum chemistry calculations, suggest that Kitaev 
term largely dominates the other two terms and is ferromagnetic (K < 0)23,58,78. The so-called off-
diagonal symmetric anisotropy, the  term, is of next-to-leading order and requires both direct d-
d and anion mediated d-p electron transfer77. The last isotropic Heisenberg term is of 
antiferromagnetic type (J > 0).  It has the smallest strength since it predominantly originates 
from the weak direct d-d hybridization.  

The above minimal model has been extensively studied by analytical and numerical techniques, 
and the extremely rich phase behavior is now understood76,77,112,124,125.  For  =  the model 
supports four magnetically ordered phases with collinear spin patterns (spins aligned parallel) of 
ferro, antiferro, stripy, and zig-zag types76,112. Most remarkably, the phase diagram includes a 
finite stability windows of QSL phase around the Kitaev limit J = 0. Finite  further enriches the 
phase diagram by adding non-collinear and incommensurate spiral phases77. 

The experimentally detected zig-zag magnetic ordering in Na2IrO3 and -RuCl3 compounds 
appears on the theoretical phase diagram of the minimal nearest-neighbor model for 
antiferromagnetic Kitaev coupling (K > 0). However, it is widely believed that the Kitaev term in 
these compounds is of ferromagnetic type instead. It has therefore been proposed that longer-
range exchange couplings, beyond nearest-neighbor one, are responsible to stabilize the zig-
zag order56,81 observed in Na2IrO3 and -RuCl3. Indeed, the ab-initio parametrization of further 
neighbor interactions indicate that they become sizable in these compounds58. 

All compounds reported so far are distorted: the anion octahedra are typically squashed along 
the trigonal axis perpendicular to the honeycomb plane and the honeycomb bonds’ length 
appear to be different in some compounds. The non-cubic crystal field due to distorted 
octahedra mixes Jeff = 1/2 and Jeff = 3/2 states. The ground state remains doubly degenerate, 
protected by time reversal symmetry, and can be still described by pseudo-spin one-half. 
However, as the associated wave function becomes modified, the destructive quantum 
interference, mentioned above, is no longer exact and the isotropic Heisenberg term becomes 

combination of dp & dd hopping
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FIG. 1: (Color online) Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition
of a spin up hole density in |xy⟩-orbital, lz = 0, (middle) and
spin down one in (|yz⟩ + i|xz⟩) state, lz = 1, (right).

by a coherent superposition of different orbital and spin
states, leading to a peculiar distribution of spin densi-
ties in real space (see Fig. 1). This will have important
consequences for the symmetry of the intersite interac-
tions. Namely, the very form of the exchange Hamilto-
nian depends on bond geometry through a density profile
of Kramers states, as we demonstrate below.

Exchange couplings of neighboring Kramers states.–
We consider the limit of the strong spin-orbit coupling,
i.e., when λ is larger than exchange interaction between
the isospins. The exchange Hamiltonians for isospins
are then obtained by projecting the corresponding su-
perexchange spin-orbital models onto the isospin states
Eq. (1). First, we present the results for the case of cubic
symmetry (∆ = 0, sin θ = 1/

√
3), and discuss later the

effects of a tetragonal distortion. We consider two com-
mon cases of TM-O-TM bond geometries: (A) 180◦-bond
formed by corner-shared octahedra as in Fig. 2(a), and
(B) 90◦-bond formed by edge-shared ones, Fig. 2(b).

(A) 180◦-bond: For this geometry, the nearest-
neighbor t2g hopping matrix is diagonal in the orbital
space and, on a given bond, only two orbitals are active,
e.g., |xy⟩ and |xz⟩ orbitals along a bond in x-direction
[Fig. 1(a)]. The spin-orbital exchange Hamiltonian for
such a system has already been reported: see Eq. (3.11)
in Ref. [12]. After projecting it onto the ground state
doublet, we find an exchange Hamiltonian for isospins in
a form of Heisenberg plus a pseudo-dipolar interaction:

Hij = J1S⃗i · S⃗j + J2(S⃗i · r⃗ij)(r⃗ij · S⃗j) , (2)

where S⃗i is the S = 1/2 operator for isospins (referred to
as simply spins from now on), r⃗ij is the unit vector along
the ij bond, and J1(2) = 4

9ν1(2). Hereafter, we use the en-
ergy scale 4t2/U where t is a dd-transfer integral through
an intermediate oxygen, and U stands for the Coulomb
repulsion on the same orbitals. The parameters ν1(2)

controlling isotropic (anisotropic) couplings are given by
ν1 = (3r1 + r2 + 2r3)/6 and ν2 = (r1 − r2)/4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio η = JH/U of
Hund’s coupling and U [24]. At small η, one has ν1 ≃ 1
and ν2 ≃ η/2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolar-like anisotropy term.
While the overall form of Eq. (2) could be anticipated
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FIG. 2: (Color online) Two possible geometries of a TM-
O-TM bond with corresponding orbitals active along these
bonds. The large (small) dots stand for the transition metal
(oxygen) ions. (a) 180◦-bond formed by corner shared octa-
hedra, and (b) 90◦-bond formed by edge shared octahedra.

from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO cou-
pling, the magnetic degrees are governed by a nearly
Heisenberg model just like in the case of small λ, and,
surprisingly enough, its anisotropy is entirely due to the
Hund’s coupling. This is opposite to a conventional situ-
ation: typically, the anisotropy corrections are obtained
in powers of λ while the Hund’s coupling is not essential.

(B) 90◦-bond: There are again only two orbitals active
on a given bond, e.g., |xz⟩ and |yz⟩ orbitals along a bond
in the xy-plane. However, the hopping matrix has now
only non-diagonal elements and there are two possible
paths for a charge transfer [via upper or lower oxygen,
see Fig. 2(b)]. This peculiarity of a 90◦-bond leads to
an exchange Hamiltonian drastically different from that
of a 180◦ geometry. Two transfer amplitudes via upper
and lower oxygen interfere in a destructive manner and
the isotropic part of the Hamiltonian exactly vanishes.
The finite, anisotropic interaction appears, however, due
to the JH -multiplet structure of the excited levels. Most
importantly, the very form of the exchange interaction
depends on the spatial orientation of a given bond. We
label a bond ij laying in the αβ plane perpendicular to
the γ(= x, y, z) axis by a (γ)-bond. With this in mind,
the Hamiltonian can be written as:

H(γ)
ij = −JSγ

i Sγ
j , (3)

with J = 4
3ν2. Remarkably, this Hamiltonian is pre-

cisely a quantum analog of the so-called compass model.
The latter, introduced originally for the orbital degrees of
freedom in Jahn-Teller systems [5], has been the subject
of numerous studies as a prototype model with protected
ground state degeneracy of topological origin (see, e.g.,
Ref. 25). However, to our knowledge, no magnetic real-
ization of the compass model has been proposed so far.

Implementing the Kitaev model in Mott insulators.–
The Kitaev model is equivalent to a quantum compass
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Box 1. Spin-fractionalization in the Kitaev model  

The Hamiltonian of Kitaev model21 reads as 

 

𝐻 = − ∑ 𝐾𝛾
<𝑖𝑗>𝛾

𝑆𝑖
𝛾𝑆𝑗

𝛾 

where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 

The model is characterized by infinitely many local conserved quantities, the integrals of motion, 
and is exactly soluble for any sign and relative strength of the couplings KJ. The conserved 
quantities are flux operators 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦 defined individually around each 

hexagonal loop as a product of six spin operators 𝑆𝑖
𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
𝛾 = i

2 𝑏𝑗
𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  

𝐻 = −
1
4 ∑ 𝐾𝛾
<𝑖𝑗>(𝛾)

𝑢𝑖𝑗
𝛾 𝑐𝑖𝑐𝑗 

where the bond operators 𝑢𝑖𝑗
𝛾 = 𝑏𝑖

𝛾𝑏𝑗
𝛾 with eigenvalues ±i commute with each other and with the 

Hamiltonian, and their product around a hexagon 𝑊1−6 = 𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥  determines the 
flux 𝑊𝑙−𝑚 = ±1 . These commutation and conservation rules imply that 𝑏𝑖

𝛾  majoranas are 
constrained to the corresponding 𝛾-type bond connected to site 𝑖 and are thus immobile. 𝑢𝑖𝑗

𝛾  
constitutes an emergent 𝑍2 -gauge field and determines a phase of the nearest-neighbor 
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exactly soluble 2D quantum model

PHYS598PTD A.J.Leggett 2013 Lecture 26 The Kitaev models 9

Because of the form of the Hamiltonian (eqn. (4)), which involves 4-spin interactions, it
seems rather unlikely that the toric code model is implemented by any naturally occurring
physical system; and while it is not out of the question that it may be possible to implement
it in purpose-engineered systems such as optical lattices, it will almost certainly not be at
all trivial to do so. However, it fortunately turns out that it is actually isomorphic to
a particular parameter regime of a second model, the “Kitaev honeycomb model,” which
may be easier to implement experimentally. I now turn to this topic, though unlike in the
toric case, I shall have to quote a number of results without derivation.

The Kitaev honeycomb model

6

We consider a planar honeycomb lattice with quantum
spins of 1/2 sitting on each vertex (not, as in the toric
code, on the links). The links are labeled x, y, z accord-
ing to their orientation, as shown. The Hamiltonian is of
the form of a 2-spin nearest-neighbor interaction, with the
components that are coupled depending on the direction
of the nearest-neighbor link in question:
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where the coupling constants J
x

, J
y

, J
z

may have either sign. We note (and will return to
this and related points later in the context of possible implementations) that the association
of (e.g.) the �x� components with an “x-link” is purely conventional.

1

2
3

4

5
6

In analyzing the behavior of the model described by eqn.
(29) one makes essential use of a generalized form of eqn. (3),
which we recall is
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] = 0
(i, j = sites, ↵,� = Cortesian components)
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We can generalize this to
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] = 0 (31)

provided that ↵ and � are both di↵erent from �. Consider the “plaquette operator” Ŵ
p

defined by
Ŵ

p
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1 �̂y

2 �̂z
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4 �̂y
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6 (32)

Because each spin component acts only at a vertex where the external bond is in the cor-
responding direction, Ŵ

p

commutes with all the terms in (29) that involve bonds external

6A. Yu Kitaev, Ann. Phys. 321, 2 (2006); H-D Chen and Z. Nussinov, J. Phys. A: Math. Theor. 41,
075001 (2008).
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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Fig. 1 | The Kitaev model. a | The S = 1/2 spins on a honeycomb lattice with bond- 
dependent Ising interactions. The green bonds have easy axes parallel to the x axis, 
the blue to the y axis and the red to the z axis. The product of six spins around each 
hexagonal loop forms a conserved quantity =−W S S S S S S2 z x y z x y

1 6
6

1 2 3 4 5 6  with eigenvalues  
W = ±1, defining Z2 flux through the hexagons. b | A Kitaev quantum-spin-liquid state can 
be thought of as a quantum superposition of entangled states with different distributions 
of spin-paired ‘happy’ bonds. c | A real spin fractionalizes into two kinds of Majorana 
fermions. bγ Represents the three localized Majorana fermions, and c represents the one 
itinerant Majorana fermion. d | Emergent Majorana fermions on the honeycomb lattice. 
The solid lines depict the conserved bond variables =γ γ γu b bij i j of localized fermions with 
their imaginary eigenvalues ±i, which control the phase of the c fermion hopping 
amplitude. Their product around each hexagonal loop measures the Z2 flux as 
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Box 1. Spin-fractionalization in the Kitaev model  
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where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 

The model is characterized by infinitely many local conserved quantities, the integrals of motion, 
and is exactly soluble for any sign and relative strength of the couplings KJ. The conserved 
quantities are flux operators 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦 defined individually around each 

hexagonal loop as a product of six spin operators 𝑆𝑖
𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
𝛾 = i

2 𝑏𝑗
𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  

𝐻 = −
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where the bond operators 𝑢𝑖𝑗
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𝛾𝑏𝑗
𝛾 with eigenvalues ±i commute with each other and with the 

Hamiltonian, and their product around a hexagon 𝑊1−6 = 𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥  determines the 
flux 𝑊𝑙−𝑚 = ±1 . These commutation and conservation rules imply that 𝑏𝑖

𝛾  majoranas are 
constrained to the corresponding 𝛾-type bond connected to site 𝑖 and are thus immobile. 𝑢𝑖𝑗

𝛾  
constitutes an emergent 𝑍2 -gauge field and determines a phase of the nearest-neighbor 



Kitaev Honeycomb Model
A. Kitaev, Ann. Phys’06

exactly soluble 2D quantum model

They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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1 2 3 4 5 6  with eigenvalues  
W = ±1, defining Z2 flux through the hexagons. b | A Kitaev quantum-spin-liquid state can 
be thought of as a quantum superposition of entangled states with different distributions 
of spin-paired ‘happy’ bonds. c | A real spin fractionalizes into two kinds of Majorana 
fermions. bγ Represents the three localized Majorana fermions, and c represents the one 
itinerant Majorana fermion. d | Emergent Majorana fermions on the honeycomb lattice. 
The solid lines depict the conserved bond variables =γ γ γu b bij i j of localized fermions with 
their imaginary eigenvalues ±i, which control the phase of the c fermion hopping 
amplitude. Their product around each hexagonal loop measures the Z2 flux as 
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Box 1. Spin-fractionalization in the Kitaev model  

The Hamiltonian of Kitaev model21 reads as 

 

𝐻 = − ∑ 𝐾𝛾
<𝑖𝑗>𝛾

𝑆𝑖
𝛾𝑆𝑗

𝛾 

where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 

The model is characterized by infinitely many local conserved quantities, the integrals of motion, 
and is exactly soluble for any sign and relative strength of the couplings KJ. The conserved 
quantities are flux operators 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦 defined individually around each 

hexagonal loop as a product of six spin operators 𝑆𝑖
𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
𝛾 = i

2 𝑏𝑗
𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  

𝐻 = −
1
4 ∑ 𝐾𝛾
<𝑖𝑗>(𝛾)

𝑢𝑖𝑗
𝛾 𝑐𝑖𝑐𝑗 

where the bond operators 𝑢𝑖𝑗
𝛾 = 𝑏𝑖

𝛾𝑏𝑗
𝛾 with eigenvalues ±i commute with each other and with the 

Hamiltonian, and their product around a hexagon 𝑊1−6 = 𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥  determines the 
flux 𝑊𝑙−𝑚 = ±1 . These commutation and conservation rules imply that 𝑏𝑖

𝛾  majoranas are 
constrained to the corresponding 𝛾-type bond connected to site 𝑖 and are thus immobile. 𝑢𝑖𝑗

𝛾  
constitutes an emergent 𝑍2 -gauge field and determines a phase of the nearest-neighbor 
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where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 
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where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 
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𝑦 defined individually around each 
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𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
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𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 

ba

c d

+

+

W = ±1

±i ±i

±i

±i±i

±i

c

c

by

by

bybxbx

bx bxby by

bx

bx by

bz

bz

bz

bz

bz

bz

c

c

c c

z

y

x

(x)

(z
)

(y)

Sz
Sz

Sx S
x

S yS y

W = ±1W = ±1

W = ±1

6

1

2

4

53

γ = x,y,z

y

z

x

c
by bx

bz

Sγ =   bγc
2
i

S

Fig. 1 | The Kitaev model. a | The S = 1/2 spins on a honeycomb lattice with bond- 
dependent Ising interactions. The green bonds have easy axes parallel to the x axis, 
the blue to the y axis and the red to the z axis. The product of six spins around each 
hexagonal loop forms a conserved quantity =−W S S S S S S2 z x y z x y
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1 2 3 4 5 6  with eigenvalues  
W = ±1, defining Z2 flux through the hexagons. b | A Kitaev quantum-spin-liquid state can 
be thought of as a quantum superposition of entangled states with different distributions 
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itinerant Majorana fermion. d | Emergent Majorana fermions on the honeycomb lattice. 
The solid lines depict the conserved bond variables =γ γ γu b bij i j of localized fermions with 
their imaginary eigenvalues ±i, which control the phase of the c fermion hopping 
amplitude. Their product around each hexagonal loop measures the Z2 flux as 

=−W u u u u u uy z x y z x
1 6 12 23 34 45 56 67. γ = x, y, z.

NATURE REVIEWS | PHYSICS

REV IEWS

 

Box 1. Spin-fractionalization in the Kitaev model  

The Hamiltonian of Kitaev model21 reads as 

 

𝐻 = − ∑ 𝐾𝛾
<𝑖𝑗>𝛾

𝑆𝑖
𝛾𝑆𝑗

𝛾 

where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 

The model is characterized by infinitely many local conserved quantities, the integrals of motion, 
and is exactly soluble for any sign and relative strength of the couplings KJ. The conserved 
quantities are flux operators 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦 defined individually around each 

hexagonal loop as a product of six spin operators 𝑆𝑖
𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
𝛾 = i

2 𝑏𝑗
𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  

𝐻 = −
1
4 ∑ 𝐾𝛾
<𝑖𝑗>(𝛾)

𝑢𝑖𝑗
𝛾 𝑐𝑖𝑐𝑗 

where the bond operators 𝑢𝑖𝑗
𝛾 = 𝑏𝑖

𝛾𝑏𝑗
𝛾 with eigenvalues ±i commute with each other and with the 

Hamiltonian, and their product around a hexagon 𝑊1−6 = 𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥  determines the 
flux 𝑊𝑙−𝑚 = ±1 . These commutation and conservation rules imply that 𝑏𝑖

𝛾  majoranas are 
constrained to the corresponding 𝛾-type bond connected to site 𝑖 and are thus immobile. 𝑢𝑖𝑗

𝛾  
constitutes an emergent 𝑍2 -gauge field and determines a phase of the nearest-neighbor 
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exactly soluble 2D quantum model

spin liquid ground-state

Fractional excitations: 
Majorana Fermions, Dirac spectrum

They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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itinerant Majorana fermion. d | Emergent Majorana fermions on the honeycomb lattice. 
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Box 1. Spin-fractionalization in the Kitaev model  

The Hamiltonian of Kitaev model21 reads as 
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where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 

The model is characterized by infinitely many local conserved quantities, the integrals of motion, 
and is exactly soluble for any sign and relative strength of the couplings KJ. The conserved 
quantities are flux operators 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦 defined individually around each 

hexagonal loop as a product of six spin operators 𝑆𝑖
𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
𝛾 = i

2 𝑏𝑗
𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  

𝐻 = −
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<𝑖𝑗>(𝛾)
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where the bond operators 𝑢𝑖𝑗
𝛾 = 𝑏𝑖

𝛾𝑏𝑗
𝛾 with eigenvalues ±i commute with each other and with the 

Hamiltonian, and their product around a hexagon 𝑊1−6 = 𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥  determines the 
flux 𝑊𝑙−𝑚 = ±1 . These commutation and conservation rules imply that 𝑏𝑖

𝛾  majoranas are 
constrained to the corresponding 𝛾-type bond connected to site 𝑖 and are thus immobile. 𝑢𝑖𝑗

𝛾  
constitutes an emergent 𝑍2 -gauge field and determines a phase of the nearest-neighbor 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
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< > γ( )

where the bond operators u b b=ij
γ
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γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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Box 1. Spin-fractionalization in the Kitaev model  

The Hamiltonian of Kitaev model21 reads as 

 

𝐻 = − ∑ 𝐾𝛾
<𝑖𝑗>𝛾

𝑆𝑖
𝛾𝑆𝑗
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where < 𝑖𝑗 >𝛾  stands for a J = x, y or z type bond and the summation is taken over all 
honeycomb bonds. The coupling constants KJ carry a bond index and their value may differ on 
different types of bonds. 

The model is characterized by infinitely many local conserved quantities, the integrals of motion, 
and is exactly soluble for any sign and relative strength of the couplings KJ. The conserved 
quantities are flux operators 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦 defined individually around each 

hexagonal loop as a product of six spin operators 𝑆𝑖
𝛾 with 𝛾 matching the index of the out-going 

bond. See Fig. 1a.  The flux operators have quantized eigenvalues 𝑊𝑙−𝑚 = ±1, and commute 
with Hamiltonian and with each other. This allows each many-body eigenstate to be labelled by 
the conserved flux quanta through each hexagon and brings the Kitaev Hamiltonian to a block-
diagonal form.  

Alexei Kitaev’s exact solution employs ‘fractionalization’ of the spin degrees of freedom via 
expressing 𝑆 = 1/2  operators in terms of four different flavors of Majorana fermions21. The 
majoranas, first introduced by Ettore Majorana in high-energy physics, are neutral self-adjoint 
fermions being simultaneously particle and anti-particle. They can be constructed from the real 
or imaginary part of more common complex fermions. Hence, one complex fermion mode, 
described by 𝑎 and 𝑎†, give rise to two Majorana modes 𝑐1 = (𝑎 + 𝑎†) and 𝑐2 = i(𝑎 − 𝑎†). The 

spin ‘fractionalization’, expressed mathematically as 𝑆𝑗
𝛾 = i

2 𝑏𝑗
𝛾𝑐𝑗 , together with the constraint 

𝑏𝑗𝑥𝑏𝑗
𝑦𝑏𝑗𝑧𝑐𝑗 = 1, preserves not only the 𝑆 = 1/2 algebra but also the local two-dimensional Hilbert 

space. Most importantly, this choice of the Majorana representation transforms the Kitaev model 
into the fermionic form that explicitly and conveniently reflects the flux-operator ( 𝑊 ) 
conservation law, which is the key to the exact solution. Namely,  

𝐻 = −
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𝑦 𝑢56𝑧 𝑢67𝑥  determines the 
flux 𝑊𝑙−𝑚 = ±1 . These commutation and conservation rules imply that 𝑏𝑖

𝛾  majoranas are 
constrained to the corresponding 𝛾-type bond connected to site 𝑖 and are thus immobile. 𝑢𝑖𝑗
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constitutes an emergent 𝑍2 -gauge field and determines a phase of the nearest-neighbor 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j
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j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,
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where the bond operators u b b=ij
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γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
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z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,
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4 (2)
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where the bond operators u b b=ij
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±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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Figure 1. The Kitaev model. a, The S = 1/2 spins on a honeycomb lattice with bond dependent 
Ising interactions. The green, blue and red bonds have the Ising easy-axes parallel to the x-, y- 
or z- axes respectively. Product of six spins around each hexagonal loop forms a conserved 
quantity, e.g. 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦  with eigenvalues 𝑊 = ±1, defining 𝑍2  flux through the 

hexagons. b, An image of Kitaev quantum-spin-liquid state as a quantum superposition of 
entangled states with different distribution of spin paired `happy’ bonds. c, A real spin 
fractionalizes into two kinds of Majorana fermions. “𝑏𝛾” represents the three localized Majorana 
fermions and “𝑐” represents the one itinerant Majorana fermion. d, Emergent Majorana fermions 
on the honeycomb lattice. The solid lines depict the conserved bond variables 𝑢𝑖𝑗

𝛾 = 𝑏𝑖
𝛾𝑏𝑗

𝛾of 

localized fermions with their imaginary eigenvalues ±i which controls the phase of  𝑐 fermion 
hopping amplitude. Their product around each hexagonal loop measures the 𝑍2 flux as 𝑊1−6 =
𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥 . e, In the ground state, the hopping amplitudes have uniform phase, e.g. +i, 
allowing a coherent propagation of  𝑐 fermion to gain a Dirac dispersion shown in f. 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)
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where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
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j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,
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4 (2)
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where the bond operators u b b=ij
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γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
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γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)
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where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
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in the spin structure factor29. The low-energy Raman 
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Majorana fermions associated with c (FIG. 1d). uij
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often termed matter fermions (FIG. 1d). In each flux 
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replaced by numbers ±i.
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agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
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ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
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Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
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various physical observables such as the dynamic spin 
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computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
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emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
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sector, the gauge is fixed, and the operators uij
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replaced by numbers ±i.
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equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
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vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z
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QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
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ated with the chiral edge state of Majorana fermions, 
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For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z
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various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
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ated with the chiral edge state of Majorana fermions, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x
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y
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z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)
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where the bond operators u b b=ij
γ
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γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
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γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)
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where the bond operators u b b=ij
γ
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γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB
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They can be constructed from the real or imaginary 
part of more common complex fermions. Hence, one 
complex fermion mode, described by operators a and a†,  
gives rise to two Majorana modes, for example, 

†f a a= ( + )1  and †f i a a= ( − )2 . Spin fractionalization 
— making the substitution S b c=j

γ i
j
γ

j2 , where bjγ  and 
cj represent four Majorana modes with the constraint 
b b b c = 1j
x

j
y

j
z

j  — preserves both the S = 1/2 algebra and 
the local 2D Hilbert space. Most importantly, this choice 
of Majorana representation transforms the Kitaev model 
into a fermionic form that explicitly and conveniently 

reflects the flux-operator conservation law, key for the 
exact solution. In other words,

∑H K u c c=− 1
4 (2)

ij
γ ij

γ
i j

< > γ( )

where the bond operators u b b=ij
γ

i
γ

j
γ have eigenvalues 

±i and their product around a hexagon determines  
the flux W = ±1l m− . The operators uij

γ commute with the 
Hamiltonian and therefore are conserved. The Majorana 
fermions associated with bγ are immobile owing to this 
conservation but control the sign of hopping of the 
Majorana fermions associated with c (FIG. 1d). uij

γ is an 
emergent Z2 gauge field and determines the phase of the 
nearest-neighbour tunnelling integral of c-Majoranas, 
often termed matter fermions (FIG. 1d). In each flux 
sector, the gauge is fixed, and the operators uij

γ can be 
replaced by numbers ±i.

The ground state is flux-free, that is, all uij
γ  are  

equal, and matter fermions can coherently prop-
agate through the honeycomb lattice, minimizing  
their kinetic energy. The corresponding dispersion 
is obtained by diagonalizing the quadratic (non- 
interacting) fermionic Hamiltonian after setting 
all u i=ij

γ . The spectrum is of Dirac type28, with all 
states appearing in pairs corresponding to posi tive 
and negative eigenvalues: E ε Δ= ± +k k k

2 2 , where 
⋅ ⋅k a k bε K K cos K cos= 2[ − ( )− ( )]k z x y , ⋅k aΔ K= 2[ sin( )k x  

⋅k bK+ sin( )]y , where k denotes quasi-momentum  
vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z

21.
The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
in this Review. Following the original exact solution, 
various physical observables such as the dynamic spin 
structure factor29 and Raman response30,31 have been 
computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
κxy/T = z(π/6)(kB

2/ħ), has been theoretically predicted21,33, 
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vectors and a and b are honeycomb lattice vectors. 
The spectrum is gapless for weakly anisotropic coup-
ling constants; a gap opens when one of the couplings 
becomes larger than the sum of the remaining two. 
In the gapless phase, the Dirac point can acquire a finite 
gap by time-reversal symmetry-breaking perturbations. 
For example, an external magnetic H field induces a 
Majorana gap ΔM ≈ HxHyHz/K 2, in which the exchange 
couplings are set equal K K K K( = = = )x y z
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The elementary excitations predicted for the Kitaev 

QSL mirror the fractionalization of spins, as discussed 
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various physical observables such as the dynamic spin 
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computed exactly. The low-energy spin excitations are 
localized because they consist of not only itinerant but 
also immobile Majorana fermions, which emerge as a 
Q-independent spin response with an excitation gap 
in the spin structure factor29. The low-energy Raman 
response captures the fermionic excitations as the result 
of fractionalization. Thanks to a newly implemented 
numerical algorithm, especially designed for Majorana 
systems, the thermodynamics of the model have become 
accessible over almost the full temperature range32.  
In the specific heat C(T), the fractionalization of spins 
appears as the presence of two well-separated peaks: one 
at a high temperature corresponding to the itinerant 
Majorana fermions and the other at a low temperature 
corresponding to flux ordering of the localized Majorana 
fermions. Each peak carries an entropy of 50% of Rln2.  
A half-quantized thermal Hall conductivity κxy associ-
ated with the chiral edge state of Majorana fermions, 
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Figure 1. The Kitaev model. a, The S = 1/2 spins on a honeycomb lattice with bond dependent 
Ising interactions. The green, blue and red bonds have the Ising easy-axes parallel to the x-, y- 
or z- axes respectively. Product of six spins around each hexagonal loop forms a conserved 
quantity, e.g. 𝑊1−6 = 26𝑆1𝑧𝑆2𝑥𝑆3

𝑦𝑆4𝑧𝑆5𝑥𝑆6
𝑦  with eigenvalues 𝑊 = ±1, defining 𝑍2  flux through the 

hexagons. b, An image of Kitaev quantum-spin-liquid state as a quantum superposition of 
entangled states with different distribution of spin paired `happy’ bonds. c, A real spin 
fractionalizes into two kinds of Majorana fermions. “𝑏𝛾” represents the three localized Majorana 
fermions and “𝑐” represents the one itinerant Majorana fermion. d, Emergent Majorana fermions 
on the honeycomb lattice. The solid lines depict the conserved bond variables 𝑢𝑖𝑗

𝛾 = 𝑏𝑖
𝛾𝑏𝑗

𝛾of 

localized fermions with their imaginary eigenvalues ±i which controls the phase of  𝑐 fermion 
hopping amplitude. Their product around each hexagonal loop measures the 𝑍2 flux as 𝑊1−6 =
𝑢12
𝑦 𝑢23𝑧 𝑢34𝑥 𝑢45

𝑦 𝑢56𝑧 𝑢67𝑥 . e, In the ground state, the hopping amplitudes have uniform phase, e.g. +i, 
allowing a coherent propagation of  𝑐 fermion to gain a Dirac dispersion shown in f. 



additional couplings:  
Heisenberg nn, nnn, off-diagonal anisotropy,… 

 

Honeycomb-based Compounds do  show LRO



‘The great tragedy of Science is the slaying 
of a beautiful hypothesis by an ugly fact.’

   Tomas Henry Huxley 
19th century British biologist
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Direct evidence for dominant bond-directional
interactions in a honeycomb lattice iridate Na2IrO3

Sae Hwan Chun1, Jong-Woo Kim2, Jungho Kim2, H. Zheng1, Constantinos C. Stoumpos1,
C. D. Malliakas1, J. F. Mitchell1, Kavita Mehlawat3, Yogesh Singh3, Y. Choi2, T. Gog2, A. Al-Zein4,
M. Moretti Sala4, M. Krisch4, J. Chaloupka5, G. Jackeli6,7, G. Khaliullin6 and B. J. Kim6*
Heisenberg interactions are ubiquitous in magnetic materials
and play a central role in modelling and designing quan-
tum magnets. Bond-directional interactions1–3 o�er a novel
alternative to Heisenberg exchange and provide the building
blocks of the Kitaev model4, which has a quantum spin
liquid as its exact ground state. Honeycomb iridates, A2IrO3
(A=Na, Li), o�er potential realizations of the Kitaevmagnetic
exchange coupling, and their reported magnetic behaviour
may be interpreted within the Kitaev framework. However,
the extent of their relevance to the Kitaev model remains
unclear, as evidence for bond-directional interactions has so
far been indirect. Herewepresent direct evidence for dominant
bond-directional interactions in antiferromagneticNa2IrO3 and
show that they lead to strong magnetic frustration. Di�use
magnetic X-ray scattering reveals broken spin-rotational
symmetry even above the Néel temperature, with the three
spin components exhibiting short-range correlations along
distinct crystallographic directions. This spin- and real-space
entanglement directly uncovers the bond-directional nature of
these interactions, thus providing a direct connection between
honeycomb iridates and Kitaev physics.

Iridium (IV) ions with pseudospin-1/2 moments form in
Na2IrO3, a quasi-two-dimensional (2D) honeycombnetwork, which
is sandwiched between two layers of oxygen ions that frame
edge-shared octahedra around the magnetic ions and mediate
superexchange interactions between neighbouring pseudospins
(Fig. 1a). Owing to the particular spin–orbital structure of the
pseudospin5,6, the isotropic part of the magnetic interaction is
strongly suppressed in the 90� bonding geometry of the edge-
shared octahedra2,3, thereby allowing otherwise subdominant
bond-dependent anisotropic interactions to play the main role
and manifest themselves at the forefront of magnetism. This
bonding geometry, common to many transition-metal oxides, in
combination with the pseudospin that arises from strong spin–orbit
coupling gives rise to an entirely new class of magnetism beyond
the traditional paradigm of Heisenberg magnets. On a honeycomb
lattice, for instance, the leading anisotropic interactions take the
form of the Kitaev model3, which is a rare example of exactly
solvable models with non-trivial properties such as Majorana
fermions and non-Abelian statistics, and with potential links to
quantum computing4.

Realization of the Kitaev model is now being intensively
sought out in a growing number of materials7–13, including 3D
extensions of the honeycomb Li2IrO3, dubbed ‘hyper-honeycomb’7
and ‘harmonic-honeycomb’8, and 4d transition-metal analogues
such as RuCl3 (ref. 12) and Li2RhO3 (ref. 13). Although most of
these are known to magnetically order at low temperature, they
exhibit a rich array of magnetic structures, including zigzag14–16,
spiral17 and other more complex non-coplanar structures18,19 that
are predicted to occur in the vicinity of the Kitaev quantum spin
liquid (QSL) phase20–23, which hosts many degenerate ground states
frustrated by three bond-directional Ising-type anisotropies. All of
these magnetic orders are captured in an extended version of the
Kitaev model written as

H =
X

hiji�

h
KS�

i S
�
j + JSi ·Sj +� (S↵

i S
�
j +S�

i S↵
j )
i

which includes, in addition to the Kitaev term K , the Heisenberg
exchange J , which may be incompletely suppressed in the
superexchange process and/or arise from a direct exchange
process21, and the symmetric o�-diagonal exchange term � , which
is symmetry-allowed even in the absence of lattice distortions23–25.
This ‘minimal’ Hamiltonian couples pseudospins S (hereafter
referred to as ‘spin’) only onnearest-neighbour bonds hiji, neglecting
further-neighbour couplings, which may be non-negligible. The
bond-directional nature of theK and� terms is reflected in the spin
components [↵ 6=� 6= � 2 (x , y , z)] which they couple for a given
bond (� 2x-, y-, z-bonds; Fig. 1a). For example, the K term couples
only the spin component normal to the Ir2O6 plaquette containing
the particular bond. Despite these extra terms that may account for
finite-temperature magnetic orders in the candidate materials, the
fact that the KitaevQSL phase has a finite window of stability against
these perturbations20,25 calls for investigation of competing phases
and a vigorous search for the Kitaev QSL phase.

Although the notion of magnetic frustration induced by
competing bond-directional interactions is compelling, it remains
a theoretical construct without an existence proof for such
interactions in a real-world material. Moreover, theories for
iridium compounds based on itinerant electrons suggest alternative
pictures26–28. In principle, measurement of the dynamical structure
factor through inelastic neutron scattering (INS) or resonant
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Kotlářská 2, 61137 Brno, Czech Republic. 6Max Planck Institute for Solid State Research, Heisenbergstraße 1, D-70569 Stuttgart, Germany. 7Institute for
Functional Matter and Quantum Technologies, University of Stuttgart, Pfa�enwaldring 57, D-70569 Stuttgart, Germany. *e-mail: bjkim@fkf.mpg.de
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Figure 3 | Simulation of di�use scattering using exact diagonalization.
The Kitaev–Heisenberg model including up to third nearest-neighbour
Heisenberg interactions was considered. ⇠ interpolates between the pure
Heisenberg model and the pure Kitaev model via J1 = J2 = J3 = 1�⇠ and
K=�⇠ . A ferromagnetic K with finite J1, J2 and J3 stabilizes the zigzag state
for most values of ⇠ . The black curve shows the spectral asymmetry,
defined as the ratio of spectral weight at Q=(0.5,0.5) to that at Q=(0,1).
Images show equal-time correlations hSxQSx�Qi obtained by exact
diagonalization using a 24-site cluster and plotted in the extended Brillouin
zone for selected ⇠ . The correlations for y and z components (not shown)
can be generated by ±120� rotations of the images shown.

covering the entire range of magnetic excitations, and serve
as an excellent approximation for the equal-time correlation
S↵↵ ⌘ hS↵QS↵�Qi (↵=x ,y ,z). When averaged over the three spin
components, the intensity map (Fig. 2c) indeed shows three zigzag
correlations above TN, with peaks at Q= ±(0, 1), ±(0.5, 0.5) and
±(0.5, �0.5) of equal intensities, confirming the near-ideal C3
symmetry. However, the spin-component-resolved maps, shown
in Fig. 2b, manifestly break the C3 symmetry. The system is left
invariant only when C3 rotation is performed simultaneously in the
real space and in the spin space—that is, cyclic permutation of spin
indices. This ‘global’ C3 symmetry implies a strong entanglement
between the real space and the spin space. Specifically, the full
azimuthal dependence of each zigzag state, shown in Fig. 2d, closely
follows the curves simulated for spin orientation fixed relative to
the propagation direction, as depicted in Fig. 2e. In other words,
specifying a spin component amounts to fixing the momentum
direction and vice versa. This one-to-one correspondence between
the spin space and the real space is a direct consequence of the bond-
dependent nature of the anisotropic exchange terms.

Qualitatively, it is immediately seen that the anisotropic
interactions dominate over the isotropic interactions and the
system is very far away from the pure Heisenberg limit, in
which case the spatial correlations must be spin-component-
independent with three zigzag peaks having equal intensities by
symmetry (as in the spin-averaged correlation shown in Fig. 2c
preserving C3 symmetry). A measure of how close the system is
to either the Heisenberg or the Kitaev limits is provided by the
intensity ratio of the weakest peak to the two bright peaks in the
spin-component-resolved correlations (Fig. 2b). To quantify this
measure, represented by a variable linearly interpolating between
these two limits, ⇠ , requires specifying the Hamiltonian, which
is not precisely known. For an estimation at a semi-quantitative
level, we adopt a simple Hamiltonian that neglects all anisotropic
terms beyond the K term. (This in turn requires including further-
neighbour Heisenberg couplings J2 and J3 to stabilize the zigzag
order32, whichwe take to be equal to J1 for simplicity.) Figure 3 shows
the simulated patterns for selected ⇠ . It is clear that the observed
di�use pattern is consistent with the simulated pattern for the large
⇠ limit. In fact, the observed intensity ratio of ⇡0.2 is even smaller
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Figure 4 | Resonant inelastic X-ray scattering spectra below TN.
RIXS spectra recorded at T=9 K and  = 180�. Q=(0,1), (0.5,0.5) and
(0.5,�0.5), shown as blue, green and yellow filled symbols, respectively,
marked on the Brillouin zone of the honeycomb net and colour-coded with
the spectra. At this  angle, S lies approximately along kf and ⇡–� 0 and
⇡–⇡ 0 channels measure the two spin components transverse to S. For
comparison, the inset shows the di�use map at T= 17 K for the same  
angle, generated by rotating the  =60� data shown in Fig. 2a clockwise
by 120�.

than calculated (Fig. 3) for the largest ⇠ in the zigzag phase, which
confirms the predominant anisotropic interactions.

Interpreted within this model, our calculations would imply that
the system is very close to the Kitaev limit. However, it is becoming
increasingly evident that other anisotropic terms beyond the Kitaev
interaction do play a role22,23. This is, in fact, evident from the static
spin not pointing along one of the cubic axes favoured by theK term;
all other anisotropic terms conspire to rotate the spin away from
the principal axes. This in turn suggests that the zigzag structure is
further stabilized by other anisotropic terms. The zigzag correlations
survive at least up to ⇠70K (see Supplementary Fig. 3), which is in
accord with the observation that coherent spin waves15 disperse up
to ⇡5meV. This energy scale coincides with the temperature scale
(⇡100K) below which the magnetic susceptibility deviates from the
Curie–Weiss behaviour33. This energy scale is, however, still far too
small in comparison with the energy (⇡100meV) spanned by the
magnetic excitations (Fig. 4), suggesting that the zigzag order is an
emergent phenomenon. Despite the macroscopic degeneracy in the
Kitaev QSL phase being reduced down to three zigzags, the high-
energy Kitaev interactions leave their signature in the low-energy
sector: the three spin components, each carrying its own zigzag,
compete andmelt the long-range order at a temperaturemuch lower
than that suggested by the Weiss temperature (⇥W), leading to a
large frustration parameter33 (⌘⇥W/TN) approximately equal to 8.

The fluctuations among three zigzag states remain even below
TN, albeit with subtle spectral changes (Supplementary Fig. 3d),
implying that they are primarily quantum rather than thermal
fluctuations. At  = 180� (Fig. 4), the intensity remains highest
at Q = ±(0.5, 0.5) and Q = ±(0.5, �0.5), away from the Bragg
peaks at Q=±(0, 1), and peaked at zero energy within the energy
resolution of 24meV. Note that this scattering geometry probes two
spin components transverse to the static component. A profound
consequence of the unusual nature of the fluctuations is that the soft
excitations are located away from the Bragg peak15. This is a notable
exception to the universality held in conventional magnets that
spin waves emanate from Bragg peaks by virtue of the Goldstone
theorem, and magnetic anisotropy is manifested as a spin-wave
gap, even in systems with extremely large magnetic anisotropy34.
By contrast, the spin gap in our system is small (unresolved in our
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The honeycomb lattice is one of the simplest lattice structures. 
Electrons and spins on this simple lattice, however, often form 
exotic phases with non-trivial excitations. Massless Dirac 
fermions can emerge out of itinerant electrons, as demonstrated 
experimentally in graphene1, and a topological quantum spin liquid 
with exotic quasiparticles can be realized in spin-1/2 magnets, as 
proposed theoretically in the Kitaev model2. The quantum spin 
liquid is a long-sought exotic state of matter, in which interacting 
spins remain quantum-disordered without spontaneous symmetry 
breaking3. The Kitaev model describes one example of a quantum 
spin liquid, and can be solved exactly by introducing two types of 
Majorana fermion2. Realizing a Kitaev model in the laboratory, 
however, remains a challenge in materials science. Mott insulators 
with a honeycomb lattice of spin–orbital-entangled pseudospin-1/2 
moments have been proposed4, including the 5d-electron systems 
α-Na2IrO3 (ref. 5) and α-Li2IrO3 (ref. 6) and the 4d-electron 
system α-RuCl3 (ref. 7). However, these candidates were found to 
magnetically order rather than form a liquid at sufficiently low 
temperatures8–10, owing to non-Kitaev interactions6,11–13. Here 
we report a quantum-liquid state of pseudospin-1/2 moments in 
the 5d-electron honeycomb compound H3LiIr2O6. This iridate 
does not display magnetic ordering down to 0.05 kelvin, despite 
an interaction energy of about 100 kelvin. We observe signatures 
of low-energy fermionic excitations that originate from a small 
number of spin defects in the nuclear-magnetic-resonance 
relaxation and the specific heat. We therefore conclude that 
H3LiIr2O6 is a quantum spin liquid. This result opens the door 
to finding exotic quasiparticles in a strongly spin–orbit-coupled  
5d-electron transition-metal oxide.

According to the third law of thermodynamics, magnets with many 
spin degrees of freedom must have zero entropy in the ground state. 
The conventional way of releasing the entropy is to form a magnetically 
ordered state. However, there is another way of forming a macroscopi-
cally non-degenerate state: through quantum effects, which hinder 
long-range order. This exotic state of matter is called a quantum spin 
liquid3. Since the first conjecture of the resonant-valence-bond state14, 
geometrically frustrated S =  1/2 antiferromagnets (where S is the 
spin) on a triangular-based lattice have been studied experimentally 
and theoretically to explore the quantum-spin-liquid state. Although 
the resonant-valence-bond state is believed to be a quantum super-
position of spin singlets, it has not been obtained as an exact  solution 
of any model Hamiltonian. Despite the theoretical challenges, it has 
been argued on the basis of experiments that certain antiferromag-
netic, S =  1/2 triangular and kagome materials are quantum spin  
liquids, including the organic materials κ -(BEDT-TTF)2Cu2(CN)3  
(ref. 15) and EtMe3Sb[Pd(dmit)2]2 (refs 16, 17) and the inorganic  
material ZnCu3(OH)6Cl2 (refs 18–20).

Recently, the simple honeycomb lattice has become important 
in the exploration of quantum spin liquids, owing to a theoretical 
breakthrough2. Kitaev2 proposed a model in which S =  1/2 spins on 
a honeycomb lattice are coupled to their three nearest neighbours 
by ferromagnetic Ising interactions, with bond-dependent easy axes  
parallel to the x, y and z axes (Fig. 1a). The orthogonal anisotropy of the 
three nearest-neighbour bonds creates a conflict between these bonds, 
giving rise to strong magnetic frustration. By introducing Majorana 
operators, Kitaev showed rigorously that the ground state of the asso-
ciated Hamiltonian is a quantum spin liquid. Topological excitations 
are anticipated, originating from the itinerant Majorana fermions with 
Dirac dispersion and from the localized Majorana fermions that give 
rise to Z2 gauge flux. The Kitaev model provides an alternative pathway 
to a quantum spin liquid compared to the resonant-valence-bond case, 
with the advantage that it has an exactly solvable ground state.

The Kitaev model was thought to be a toy model for theorists 
because pure S =  1/2 spins in general do not accommodate strong 
Ising  anisotropy. However, 5d transition-metal oxides, in  particular 
Ir4+ oxides with five d electrons, were recently shown to be  promising 
 candidates for Kitaev spin liquids. In complex Ir4+ oxides with 
 octahedral coordination of oxygen ions, a spin–orbital Mott state with 
pseudospin Jeff =  1/2 moments is often formed21. If neighbouring IrO6 
 octahedra share an edge, then super-exchange interactions give rise to 
a  ferromagnetic Ising interaction of Jeff =  1/2 moments with easy axes 
perpendicular to the Ir–O2–Ir plane—the essential ingredient of the 
Kitaev model4.

The spin–orbital Mott insulators α -Na2IrO3 and α -Li2IrO3 crystallize 
in a layered structure, in which IrO6 octahedra form a honeycomb net-
work by sharing the three orthogonal edges of an octahedron (Fig. 1b).  
These honeycomb iridates, and more recently the closely related com-
pound α -RuCl3, have been studied extensively as possible materiali-
zations of the Kitaev model5–7. However, their ground states were 
found to be magnetically ordered8–10 rather than forming quantum 
spin liquids, although signatures of the existence of Kitaev interactions 
were captured22,23. It was argued that additional interactions, such as 
Heisenberg interactions generated by d–d exchange coupling, compete 
with Kitaev-type interactions and stabilize the magnetically ordered 
state6,11. Indeed, the Curie–Weiss temperature θCW estimated from the 
magnetic susceptibilities of α -Na2IrO3 and α -Li2IrO3 is not positive, as 
would be expected for Kitaev-type ferromagnetic interactions, which 
points to the presence of additional antiferromagnetic interactions.

The difficulty in realizing a Kitaev spin liquid in the aforementioned 
candidates motivated us to explore other honeycomb-based Ir4+ oxides. 
During this exploration, we discovered a quantum-spin-liquid state 
in the honeycomb Ir oxide H3LiIr2O6, in which all of the interlayer 
Li+ ions of α -Li2IrO3 are replaced with H+ ions in an ion-exchange 
reaction24 (Fig. 1d), but the LiIr2O6 honeycomb plane remains as it 
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Khrami River that runs into the Kura, while Shulaveris Gora is
roughly 0.5 km from the stream. The climate today is semiarid
(steppe), with an annual rainfall of 350–550 mm and an average
temperature of approximately 13 °C. Milder, better-watered
conditions prevailed during the period ca. 5,900–5,000 BC (SI
Appendix). The Eurasian grapevine was well adapted to the an-
cient climate and remains well adapted to the modern climate.
As is our standard practice in biomolecular archaeological

investigations (22), we strove to obtain the best-dated, best-
provenienced, and best-preserved samples possible. These cri-
teria were met to a varying extent in this study. For example, we
had previously analyzed two sherds (SG-16a and SG-782; Fig. 2
B–C and Table 1) from the 1960s excavations at Shulaveris Gora,
which we designated as “borderline positives” for tartaric acid/
tartrate (1), the principal biomarker of grape/wine in the Near
East (SI Appendix), because of conflicting results from the less-
sensitive chemical techniques that we used at that time. More-
over, the customary practice at that time was to “clean” sherds by
washing them in dilute hydrochloric acid to remove calcium
carbonate and other postburial accretions. In the process, an-
cient organics might well have been altered, even destroyed, to

give “false positives.” It was also later learned that the sherd with
the highest apparent level of tartaric acid/tartrate (SG-16a) was
collected from the surface of the site. Besides compromising the
dating of this sherd, this also called into question the extent to
which it had been subjected to environmental contamination and
exposure to rain, which might have caused increased microbial
activity and an elevated tartaric acid/tartrate content.
The opportunity to learn more and put the biomolecular

archaeological investigation on a firmer, multidisciplinary
foundation came when excavations at Gadachrili and Shulaveri
were renewed in 2012–2013 and 2015–2016 (17). Many more
radiocarbon dates from well-defined occupational contexts
were obtained; coupled with advances in calibration curves and
statistical evaluation, this has allowed for construction of a
much tighter chronology for the early Neolithic than had been
proposed in earlier publications (SI Appendix). Excavation and
archaeobotanical techniques have also advanced since the
1960s, providing a finer-grained picture of how artifacts and
ecofacts (i.e., plant and animal remains) were deposited and
subjected to geological and chemical processes, as well as to
human activity.

Fig. 2. (A) Representative early Neolithic jar from Khramis Didi-Gora (field no. XXI-60, building no. 63; depth, −5.45 to −6.25 m). (B) Jar base SG-16a, interior
and cross-section. (C) Jar base SG-782, exterior. Note the textile impression on the base. (D) Jar base GG-IV-50, interior. (Photographs by Mindia Jalabadze and
courtesy of the National Museum of Georgia.)
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In conventional magnetic materials, interactions 
between the spins lead to a phase transition from a 
high-temperature disordered state to a magnetically 
ordered state as the temperature is lowered. The tran-
sition is typically accompanied by singularities in the 
thermodynamic observables at the transition point and 
spontaneous symmetry breaking and a reduction in 
the spin entropy to zero as the system enters a unique 
ground state. However, the spin entropy can also be 
released without any symmetry breaking, down to zero 
temperature, by forming a collective quantum spin state 
with long-range quantum entanglement. This exotic 
state of matter is called a quantum spin liquid (QSL)1–3. 
A goal of condensed matter physics is to discover new 
quantum phases formed by the ensemble of interacting 
spins and charges in solids. The QSL is perhaps one of 
the most exotic quantum phases known so far, partly 
because of its nontrivial elementary excitations, and 
has been attracting the attention of condensed matter 
scientists for several decades.

The exploration of QSLs in more than one dimen-
sion was launched by the conjecture of the resonant 
valence bond (RVB) state by Anderson in 1973 (REF.4). 
When antiferromagnetically interacting Heisenberg 
spins with spin S = 1/2 are placed on a triangular lattice, 
the interactions on different bonds are frustrated owing 
to the geometry; intuitively, this should prevent spins 
from finding a unique way to break symmetry. Anderson 

proposed that the ground state of the system consists 
of a quantum superposition of spin singlets formed by 
pairs of S = 1/2 spins, in which the paired spins fluctuate 
in a liquid-like fashion, unlike in magnetically ordered 
ground states, in which the spins are static, conceptu-
ally resembling a solid. This model gives an intuitive 
image of the QSL state. The ground state of the S = 1/2 
Heisenberg antiferromagnet on the triangular lattice 
was later shown to be ordered: the non-collinear 120° 
structure5,6. Nevertheless, RVB-QSLs are believed to 
exist in other geometrically frustrated lattices such as the 
kagome lattice7 or the triangular lattice with additional 
interactions8–10.

A hallmark of RVB-QSLs is the emergence of unu-
sual elementary excitations described by mobile fermio-
nic S = 1/2 quasiparticles, called spinons1, as in the  
1D S = 1/2 Heisenberg antiferromagnet11. Excitations 
in conventional magnets have S = 1 and generally show 
up in scattering experiments as peaks that are sharp in 
energy for a given momentum, that is, as magnons with a 
well-defined dispersion. In RVB-QSLs, the conventional 
S = 1 excitation ‘fractionalizes’ into spinon pairs. Spinons 
give rise to an energy continuum of excitations at a given 
momentum, much like electronic excitations in metals. 
If the spinon excitations are gapless, a Fermi surface of 
spinons may emerge12,13.

A number of S = 1/2 triangular and kagome Heisen-
berg antiferromagnets have been shown experimentally  

Concept and realization of Kitaev 
quantum spin liquids
Hidenori Takagi  1,2,3*, Tomohiro Takayama1,2*, George Jackeli1,2*, Giniyat Khaliullin1* 
and Stephen E. Nagler4*

Abstract | The Kitaev model is an exactly solvable S = 1/2 spin model on a 2D honeycomb 
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In conventional magnetic materials, interactions 
between the spins lead to a phase transition from a 
high-temperature disordered state to a magnetically 
ordered state as the temperature is lowered. The tran-
sition is typically accompanied by singularities in the 
thermodynamic observables at the transition point and 
spontaneous symmetry breaking and a reduction in 
the spin entropy to zero as the system enters a unique 
ground state. However, the spin entropy can also be 
released without any symmetry breaking, down to zero 
temperature, by forming a collective quantum spin state 
with long-range quantum entanglement. This exotic 
state of matter is called a quantum spin liquid (QSL)1–3. 
A goal of condensed matter physics is to discover new 
quantum phases formed by the ensemble of interacting 
spins and charges in solids. The QSL is perhaps one of 
the most exotic quantum phases known so far, partly 
because of its nontrivial elementary excitations, and 
has been attracting the attention of condensed matter 
scientists for several decades.

The exploration of QSLs in more than one dimen-
sion was launched by the conjecture of the resonant 
valence bond (RVB) state by Anderson in 1973 (REF.4). 
When antiferromagnetically interacting Heisenberg 
spins with spin S = 1/2 are placed on a triangular lattice, 
the interactions on different bonds are frustrated owing 
to the geometry; intuitively, this should prevent spins 
from finding a unique way to break symmetry. Anderson 

proposed that the ground state of the system consists 
of a quantum superposition of spin singlets formed by 
pairs of S = 1/2 spins, in which the paired spins fluctuate 
in a liquid-like fashion, unlike in magnetically ordered 
ground states, in which the spins are static, conceptu-
ally resembling a solid. This model gives an intuitive 
image of the QSL state. The ground state of the S = 1/2 
Heisenberg antiferromagnet on the triangular lattice 
was later shown to be ordered: the non-collinear 120° 
structure5,6. Nevertheless, RVB-QSLs are believed to 
exist in other geometrically frustrated lattices such as the 
kagome lattice7 or the triangular lattice with additional 
interactions8–10.

A hallmark of RVB-QSLs is the emergence of unu-
sual elementary excitations described by mobile fermio-
nic S = 1/2 quasiparticles, called spinons1, as in the  
1D S = 1/2 Heisenberg antiferromagnet11. Excitations 
in conventional magnets have S = 1 and generally show 
up in scattering experiments as peaks that are sharp in 
energy for a given momentum, that is, as magnons with a 
well-defined dispersion. In RVB-QSLs, the conventional 
S = 1 excitation ‘fractionalizes’ into spinon pairs. Spinons 
give rise to an energy continuum of excitations at a given 
momentum, much like electronic excitations in metals. 
If the spinon excitations are gapless, a Fermi surface of 
spinons may emerge12,13.

A number of S = 1/2 triangular and kagome Heisen-
berg antiferromagnets have been shown experimentally  
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Summary

     Mott insulators with strong spin-orbit coupling:
            a new class of frustrated systems                 

Orbital frustration directly manifested in magnetic interactions 
        
   

unusual interactions and novel states            



 Il est bon de savoir que l’utopie n’est 
jamais rien d’autre que la réalité de 
demain et que la réalité d’aujourd’hui 
était l’utopie d’hier.                                                              

Le Corbusier

Optimistic Outlook
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