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STM Image of a GNR superlattice 
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Graphene Nanoribbons 

GNRs are narrow strips of graphene of finite width whose electronic 
behaviour is dominated by quantum confinment and presence of 
boundaries. 
Synthesis tecniques allow atom precision control of their edge and width: 
tunable electronic properties. 
Promising for nanoelectronics and other technologies 

Cao, Zhao, Loui 
PRL119,076401 (2017) 

Nature (2018) 
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Near Dirac Points 
Two valleys τ=±1 
 

k defined with respect the points K and K’ 

•  For each k there are eigenvalues at ±|ε| ⇒ particle-hole symmetry 
•  Conduction and valence bands touch at two points, K and K’, in BZ 

Graphene Band Structure 
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Graphene Nanoribbons. ZZGNR 

The majority of the seed effort will be aimed at addressing the primary material science
questions that will determine the feasibility of the nanoribbon fabrication process just
described. An explanation of these questions and the approaches by which they will be
addressed are described in the section below.

Figure 1: Graphene nanoribbons with (a) armchair and (b) zigzag edge terminations.
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•  Potential  connectors in graphene nanoelectronics. 
•  Fundamental properties. 
•  Because of the graphene honeycomb lattice, electrical and 

magnetic properties of GNR depend dramatically on atomic 
termination. 



Electronic Structure ZZGNR  
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Zigzgag termination have zero energy states  
localized at edges. 
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 States localized in left edge, atoms A, valley τ=+1, momentum ky>0 
States localized in right edge, atoms B, valley  τ =-1, momentum ky<0 

Atoms and valleys are coupled. 



Large density of states at the Fermi energy. The system could be 
unstable  against magnetic order. The zero energy states are edge  
states, the instability will occur at the edges  
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Atomistic Calculations 

N.Nakada et al PRB (1996) 
LB and H.A.Fertig PRB (2006) 

Tight-binding 
DFT. 
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Electron-Electron Interaction. Hubbard Model 
Hubbard model only considers Coulomb repulsion between two 
electrons at the same atomic site: 
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Neglecting fluctuations, we get the mean field approximation, 
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that should be solved self consistently. We obtain band structure and  
 charge and magnetization at every site.  

•  From ab initio calculations U = 2-3eV 
•  Lieb’s theorem: A bipartite system at half-filling, with 

Hubbard interaction, has the ground state characterized by 
the total spin  
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Magnetic Order ZZGNR 
U A 

B 

The effect of U is basically  on the 
edge. Bulk is paramagnetic.  
Atoms B polarize↓atoms A polarize↑ 

Wakabayashi ’98 
Y.Son et al  ’08 
Fernández Rossier ’08 
Brey et al ‘08 

A ↑ + (B↓-) 

B ↑ - (A ↓+) N=20
U=t

k (2S/a)
0.0 0.2 0.4 0.6 0.8 1.0

E
ne

rg
y 

(t)
-1.0

-0.5

0.0

0.5

1.0

| L↑〉 | R↓〉

| R↑〉| L↓〉

N=20
U=t

Energy (t)

-0.2 -0.1 0.0 0.1 0.2

D
en

si
ty

 o
f S

ta
te

s 
(a

.u
.)

0

50

100

150

200

250

300

350

In the localize states spin, valley, edge  and atom are coupled. 
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Two degenerated ground states. 
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Two degenerated ground states. 

Band Inversion.  
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This degeneracy reflects the broken symmetry of the ground state in the spin sector. 
Associated this degeneracy there exist topological excitations, in this case solitons. 
At the interface between domains, there will be topological protected states (solitons) 
 one for each spin orientation. 

Solitons in ZZGNRs 
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•  Hamiltonian has e-h symmetry, any eigenstate with energy ε has a 
      conjugate state with energy –ε.
   Therefore,  the energy of the  topological protected states should  
   be placed at the middle of the gap and have zero energy. 
•  Half of the spectral weight of the mid gap state comes from the CB and the 
      other from the VB, Therefore when the Fermi energy is above (below) 
      zero energy,  the soliton  would carry a charge e/2  (-e/2). 
•  Considering two spin orientations, the topological excitations in ZZGNR’s  
     consist of two e/2 charged solitons, with total charge e. 
•  The connection between topological defects and electric charge suggests 
     that solitons can be the relevant  charge excitations on ZZGNRs. 

Properties of Solitons in ZZGNRs 

To verify and quantify this proposal,  
Tight-Binding + Hubbard numerical calculations. 



Supercell  with appropriated boundary conditions, and an extra  
electron. Self-consistent solution in the mean field Hubbard model.  
The solutions converge to the solitonic phase. One electron located 
at the domain wall. 

TB + U self-consistent calculations. 

e/2 

e/2 

Sp
in

s 
ro

ta
te

 in
 o

pp
os

it
e 

di
re

ct
io

n 
 

on
 o

pp
os

it
e 

ed
ge

s.
 

Clockwise 

Anti-Clockwise 



CCcl 

Supercell  with appropriated boundary conditions, and an extra  
electron. The solutions converge to the solitonic phase.  

TB + U self-consistent calculations. 
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Are solitons the relevant charge excitations? 

Yes at low densities!!! 
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In 1D systems the existence of solitons, or interface states, have a topological origin. 
They are associated with the existence of a Berry phase across the BZ, that is called the 
Zak phase, 

Topological Origin of the Solitons in ZZGNR 

� = i

Z

BZ
dk < u(k)|@k|u(k) >

The integral is gauge invariant ( system with inversion symmetry), but NOT the integrand. 

In polyacetylene, two different dimerizations, i.e. two degenerated phases*,  

The difference of phases is π, and a soliton  appear  at the interface between the two 
dimerizations.

� = 0� = ⇡

In ZZGNR’s the Zak phase is zero!!, It not obvious to relate the existence of solitons 
with a topological character of the ribbons. Also, there are  not edge states.                 
We propose that the solitons occur because of the existence of two inequivalent valleys 
each carrying a finite topological charge with opposite sign. 

*SSH, PRL (1979) 



Topological Aspects of Graphene with Mass 
Atoms on sublattice A and B  
have opposite onsite energy (mass). 
Insulator system. 

Valleys have opposite topological charge,  
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Yao et al PRL 2009 
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comes
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where !n !k" is the Berry curvature of the n th band:

!n !k" = i#"ku n !k"$$ $"ku n !k"% . !3.7 "

We can see that, in addition to the usual band dispersion
contribution, an extra term previously known as an
anomalous velocity also contributes to vn !k". This veloc-
ity is always transverse to the electric field, which will
give rise to a Hall current. Historically the anomalous
velocity was obtained by Karplus and Luttinger !1954",
Kohn and Luttinger !1957 ", and Adams and Blount
!1959"; its relation to the Berry phase was realized much
later. In Sec. V we rederive this term using a wave-
packet approach.

B. Berry curvature: Symmetry considerations

The velocity formula !3.6 " reveals that, in addition to
the band energy, the Berry curvature of the Bloch bands
is also required for a complete description of the elec-
tron dynamics. However, the conventional formula &Eq.
!3.1"' has much success in describing various electronic
properties in the past. It is thus important to know under
what conditions the Berry curvature term cannot be ne-
glected.

The general form of the Berry curvature !n !k" can be
obtained via symmetry analysis. The velocity formula
!3.6 " should be invariant under time-reversal and spatial
inversion operations if the unperturbed system has these
symmetries. Under time reversal, vn and k change sign
while E is fixed. Under spatial inversion, vn , k, and E
change sign. If the system has time-reversal symmetry,
the symmetry condition on Eq. !3.6 " requires that

!n !− k" = − !n !k" . !3.8 "

If the system has spatial inversion symmetry, then

!n !− k" = !n !k" . !3.9"

Therefore, for crystals with simultaneous time-reversal
and spatial inversion symmetry the Berry curvature van-
ishes identically throughout the Brillouin zone. In this
case Eq. !3.6 " reduces to the simple expression !3.1".
However, in systems with broken either time-reversal or
inversion symmetries, their proper description requires
the use of the full velocity formula !3.6 ".

There are many important physical systems where
both symmetries are not simultaneously present. For ex-
ample, in the presence of ferromagnetic or antiferro-
magnetic ordering the crystal breaks the time-reversal
symmetry. Figure 3 shows the Berry curvature on the
Fermi surface of fcc Fe. As shown the Berry curvature is
negligible in most areas in the momentum space and
displays sharp and pronounced peaks in regions where
the Fermi lines &intersection of the Fermi surface with

!010" plane' have avoided crossings due to spin-orbit
coupling. Such a structure has been identified in other
materials as well !Fang et al., 2003". Another example is
provided by single-layered graphene sheet with stag-
gered sublattice potential, which breaks inversion sym-
metry !Zhou et al., 2007 ". Figure 4 shows the energy
band and Berry curvature of this system. The Berry cur-
vature at valley K1 and K2 have opposite signs due to
time-reversal symmetry. We note that as the gap ap-
proaches zero, the Berry phase acquired by an electron
during one circle around the valley becomes exactly ±%.
This Berry phase of % has been observed in intrinsic
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metry !Zhou et al., 2007 ". Figure 4 shows the energy
band and Berry curvature of this system. The Berry cur-
vature at valley K1 and K2 have opposite signs due to
time-reversal symmetry. We note that as the gap ap-
proaches zero, the Berry phase acquired by an electron
during one circle around the valley becomes exactly ±%.
This Berry phase of % has been observed in intrinsic
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If there is an interface changing Δ to –Δ, which does not mix valleys, edge  states 
could happen.  An edge state for valley K (ΔQ=1) and another edge state, with 
opposite velocity, for valley K’ (ΔQ=-1). Quantum Valley Hall Effect. 
 



Topological Aspects of AntiFerromagnetic Graphene 
Atoms on sublattice A and B  
have opposite spin  and therefore  
opposite selfenergy  Σ.  

At the interface between AF domains, which does not mix valleys and spins , edge  
states could happen.  Four edge states should appear.  
                          Quantum Spin-Valley Hall Effect. 
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Topological charge depends on valley and spin. 
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Topological Aspects of AntiFerromagnetic Graphene 

But, if the spin rotates connecting the two AF domains, the interface 
mix spins and the interface  states disappear.  
The system is invariant under rotation. There is not privileged spin 
orientation. O(3) symmetry.  

Atoms on sublattice A and B  
have opposite selfenergy  
and opposite spin 
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Topological charge depends on valley and spin. 
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Gap does not close at the domain wall. 

+ 



If the spin rotates between the domain walls, 
no interface states are expected. 

No interface states. 
Spin rotation. 

Top and bottom edges 
Rotates on opposite  
direction. 
Interface states. 

Interface states 
in the gap 



In ZZGNR, in the domain wall,  top and bottom  
edges  rotates on opposite direction. 
               Interface states. Soliton. 

In magnetic ZZGNR,  in order to create states in the gap and 
accommodate an extra electron, top and bottom edges 
rotate on opposite directions. 
In absence of extra charge both edges rotate in same  
direction and there should be not states in the gap. 
 
 



Charged Topological Solitons in ZigZag Graphene 
Nanoribbons. 
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•   ZZGNR’s have a broken symmetry state that 
 is degenerated in  the spin sector. 
 
•  Because of this degeneracy the system has topological excitations  

solitons which carry an electric charge ±e. 
 
 
 
•  When adding (subtracting) charge to ZZGNR the system creates 

a soliton. 
In ZZGNR’s, at low doping, extra charge creates magnetic 

domains and becomes localized at the domain wall separating 
domains with opposite spin polarization. 
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